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Abstract6

Checking an instance of an inference rule in a proof system can involve computations of arbitrary7

complexity owing to: the shape of inference rule, the assumed structural properties on the judgemental8

structures, and side conditions. To more precisely account for the complexity of checking a proof,9

deep-inference calculi have been proposed for various propositional logics that reduce structural rules10

to atomic form and logical rules to linear form, so every inference rule can be checked by examining a11

constant portion of the formula tree; such systems are called local. This paper provides a local proof12

system for first-order (classical) logic by conservatively extending the existing atomic system SKSq13

with rules to localise the term operations associated with (co)contraction, (co)weakening, identity,14

cut, (co)instantiation, and (co)vacuousness. This is achieved by extending the syntax of derivations15

with explicit subsitutions; extending terms with formal notations for arities, (co)duplication, and16

(co)deletion; and allowing inferences inside atoms and within the quantifier prefixes.17
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1 Introduction22

Here are some standard inference rules of the sequent calculus (e.g., G3c from [18]):23

id
⊢ A, A⊥

⊢ Γ, A ⊢ ∆, A⊥

cut ⊢ Γ, ∆
⊢ Γ, A, A

ct ⊢ Γ, A

⊢ Γ
wk ⊢ Γ, A

⊢ Γ, [t/x] A
∃ ⊢ Γ, ∃x. A

⊢ Γ, [u/x] A
∀ u#(Γ, A)⊢ Γ, ∀x. A

24

In this paper we are concerned with locality of checking a purported instance of a rule: how25

much of the sequent must be examined to ensure that the rule instance is correct? A fully26

local system would be one where every instance would be checkable by examining only a27

constant portion of the sequent. The sequent calculus enjoys a kind of locality: each rule28

instance can be checked independently of every other rule instance. Nevertheless, the rules29

themselves exhibit several non-local features:30

The id and cut rules have multiple (dualised) occurrences of a formula, so the checker must31

verify that these occurrences are the same (or dual) formula. Checking cut additionally32

requires verifying that the conclusion context is correctly split.33

The ct rule makes a (deep) copy of a formula, while the wk rule has an implicit premise34

that A is indeed a formula.35

The ∃ rule in a conclusion-upwards direction requires verifying that t is a well-formed36

term, and the correct replacement of potentially several occurrences of x in A with t.37

The ∀ rule has a side condition that the eigenvariable u is not free in Γ, A.38

Can the sequent calculus be made local? Some steps in this direction are well known: the39

id rule can be restricted to those cases where A is an atomic formula (identity expansion);40

and atoms are potentially less costly to compare than arbitrary formulas; the cut rule can41

be shown to be admissible and removed (cut-elimination); and structural rules such as wk42

© Victoria Barrett and Kaustuv Chaudhuri;
licensed under Creative Commons License CC-BY 4.0

35th EACSL Annual Conference on Computer Science Logic (CSL 2027).
Editors: Corina Cirstea and Yannick Forster; Article No. 94; pp. 94:1–94:37

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto: victoria.barrett@inria.fr 
https://toriebarrett.github.io/ 
 https://orcid.org/0009-0005-8470-8093 
mailto: kaustuv.chaudhuri@inria.fr 
https://chaudhuri.info 
 https://orcid.org/0000-0003-2938-547X 
https://doi.org/10.4230/LIPIcs.CSL.2027.94
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


94:2 A fully local proof system for first-order logic

can be performed lazily. However, the sequent calculus has limitations: the ct rule, for43

instance, cannot be reduced to atomic form (without additional bureaucratic cuts). Worse,44

cut-elimination is computationally expensive, but it is unreasonable to define locality only for45

cut-free systems. Indeed, one of the goals of locality is to expose finer grained normalisation46

procedures [10, 15, 12, 3].47

Further improvements in locality can be achieved by moving to a deep-inference proof48

system such as the calculus of structures [9, 7], where rule instances are allowed more freely49

within subformulas, which in turn allows structural rules such as ct to be applied on the50

smallest components of a formula. The system SKS [6] for classical propositional logic has51

the following remarkable property: every inference rule is fully local. This is achieved in52

two steps: first, the logical inference rules are written in a linear form [4], where the only53

actions performed are modifications of a finite number of nodes at the root of a formula tree,54

without altering the form or the count of the subformula occurrences. This is clearly seen in55

the switch s and medial m rules:56

(A ∧ B) ∨ C
s

A ∨ (B ∧ C)
(A ∧ C) ∨ (B ∧ D)

m (A ∨ B) ∧ (C ∨ D)
57

where the verifier only needs to “rewire” the subformulas A, . . . , D without looking inside58

them. More importantly, the structural rules of SKS are made atomic; in particular:59

⊤
ai

a ∨ a⊥
a ∧ a⊥

acut ⊥
a ∨ a

ac a
⊥

aw a
60

Each instance of these rules can be checked by examining a constant number of constant61

sized objects. Furthermore, the non-atomic versions of these rules can be derived using the62

atomic versions with essentially no increase in size, by means of the medial rule m. Related63

local systems also exist for propositional linear logic [16] and intuitionistic logic [17].64

In this paper we ask if a similar kind of result can be obtained for first-order (classical)65

logic. This problem was explicitly left open in [6, Chapter 3] and has remained so in the 2266

years since. One reason for the lack of progress might be that while deep-inference calculi67

for first-order logic can be reduced to atomic form, such as in the system SKSq in [6], this68

reduction is not sufficient for controlling the costs in first-order logic. This is immediately69

apparent in the first-order version of the ai and ac rules:70

⊤
ai

p(t1, . . . , tn) ∨ p(t1, . . . , tn)⊥
p(t1, . . . , tn) ∨ p(t1, . . . , tn)

ac p(t1, . . . , tn)
71

To check these rules, the checker has to verify that the two (or three) occurrences of each72

term ti are the same, which can have arbitrary size. Note: this issue cannot be finessed73

by implementation techniques such as hash-consing, because it still requires the several74

occurrences of each of the ti in the rule instance to be given the same global identifier (i.e.,75

hash code), which still requires full traversal. Moreover, the problem of non-locality of the76

quantifier rules (such as instantiation for ∃) remains entirely unsolved (and remains so even77

with approaches involving the ε-calculus [?], for example).78

Our approach to these challenges begins by generalising the notion of derivation from79

just an operation on (sub)formulas to operations on (sub)terms; indeed, we design an80

inference system that operates on partial applications of terms and predicates. Our approach81

can therefore be seen as belonging to the broad class of subatomic proof systems [2, 3]82

that interpret atoms as connectives. The only objects in our syntax with constant cost83

(de)duplication or deletion will be variables, predicate symbols, and function symbols; entire84

terms and atoms will need to be (de)duplicated or deleted piece by piece. In the process we85

will extend the syntax of terms with operators denoting (co)duplication and (co)deletion,86

each of which will get inference rules with the medial rule shape.87
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Next, we tackle instantiation of ∃ by witness terms. Our approach is to construct the88

witness term piece by piece, as a sequence of instantiations, each step having constant cost.89

For instance, to instantiate ∃x. A to [f (c, u)/x] A, we first instantiate x to g(y), then g to90

f (z), then y to u, and finally z to c. The intermediate stages of this instantiation process91

are represented using explicit substitutions [1], while the steps of instantiation are written92

as inference rules within the terms and the substitutions in the style of open deduction [3].93

While explicit substitutions in deep-inference are not new, there is a long standing open94

question of designing a symmetric proof system with explicit substitutions that can handle95

duality; we solve this in this paper without side-stepping it with negation-free subatomic96

logic as in [4]. We also employ a novel notion of inference within the quantifier prefix, which97

is a new member of the family of (vertical) compositions by inference in open deduction.98

Next, we show how to give a local treatment to adding a vacuous quantifier for a variable99

that does not occur free in a formula. This is the essence of the eigenvariable side condition,100

which is obviously not a constant cost check, but in SKSq the addition and removal of101

vacuous quantifiers was treated as part of the ambient equational theory on formulas. We102

repurpose the new term unit ▲ that was introduced for coweakening, and then design103

an inference system that allows ▲ as a stand-in for a vacuously quantified term. In the104

conclusion-upwards direction, a substitution of ▲ for x can be interpreted as a constant cost105

vacuous quantification, which remains sound because the only rules available for ▲ in the106

premise-downwards direction would rewrite the formula to ⊤ if the quantification was not107

indeed vacuous. This interplay of coweakening and vacuousness was heretofore unknown in108

deep inference and only becomes visible when moving contraction and weakening into the109

terms.110

Finally, we show how to reduce atomic identity ai (and its dual, atomic cut) to a local111

form. The essence of these rules is to compare terms structurally, which we achieve by adding112

an intensional term equality ⊜ predicate (and its dual ̸⊜) with local rules (similar to [8]).113

The key novelty here is that we must handle the extended term syntax for (co)duplication and114

(co)deletion mentioned above, which do not behave identically on both sides of an identity or115

cut. Our approach therefore generalises the notion of duality to terms such that it remains116

an identity on ordinary terms but dualises for the extended terms. Furthermore, since terms117

and predicates may be partially applied, we further generalise these operations to higher118

arities, which is a minimal type system sufficient to localise the rules.119

The structure of the paper is as follows: in Section 2 we give the preliminaries for open120

deduction and first-order logic; in Sections 3–5 we perform the steps described above to make121

the inference rules contraction, weakening, instantiation, vacuous quantification, and identity122

local, culminating in the proof system SKSqt; in Section 6 we state the main contribution of123

this paper, that SKSqt can prove any theorem of first-order logic and that it does not prove124

any unwanted theorem. The proofs of these statements are given in Appendices C and D.125

2 Background: Open Deduction for First-Order Logic126

This section sketches a formulation of first-order classical logic in deep-inference. The first127

deep-inference calculus, the calculus of structures, resulted from observing that inference128

rules can be applied in formula contexts: if A

B
is a valid inference in the system, then so is129

C{A}
C{B}

where C{ } is a (negation-normalised) formula with a single occurrence of the hole { },130

and C{F} represents the formula resulting from replacing that hole with F . Indeed, given a131

derivation (i.e., a sequence of unary inferences) Φ with premise A and conclusion B, there is132
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a derivation C{Φ} with premise C{A} and conclusion C{B} that results from placing each133

formula in Φ within C{ }. In other words, derivations may be substituted for the hole in a134

formula context, blurring the distinction between formula and derivation.135

Open deduction further blurs the distinction between formula and derivation by observing136

that two derivations Φ and Θ may be horizontally combined with logical connectives such137

as ∧, yielding a derivation from their ∧-ed premises to their ∧-ed conclusion. This yields a138

parallelised syntax for deep-inference that abstracts out the bureaucracy of interleaved unary139

rules in the calculus of structures.140

▶ Definition 1 (variables, terms, and atoms). Let V be an infinite set of variables, and141

for every i ∈ N , let Ci be a non-empty1 set of constants of arity i, and Pi be a set of142

predicates of arity i. For every i ∈ N , the set of formal dual predicates Pi is the set143

{p | p ∈ Pi}, and the set of predicate literals Li is Pi ⊎ Pi. The set of terms, T , and144

the set of atoms, A, are given by the grammars:145

T ::= V | Ci(T , . . . , T︸ ︷︷ ︸
i

) A ::= Li(T , . . . , T︸ ︷︷ ︸
i

)146

with the convention that the parentheses are omitted for nullary constants and predicates. We147

use sans-serif letters c, d, f, g to denote constants, p, q, r to denote literals, and c to denote148

a constant or a variable. We use the notation t⃗ to denote the argument list (t1, . . . , ti) for149

constants and predicates, so we depict applications schematically as f t⃗ or p t⃗.150

▶ Definition 2 (derivations). The set of derivations, D, in open deduction is given by the151

following grammar:152

D ::= ⊥ | ⊤ | A units and atoms
| D ∨ D | D ∧ D (horizontal) composition by connective
| ∃V. D | ∀V. D quantification

|
D
D

(vertical) composition by inference

153

The set of formulae is the subset F ⊆ D consisting of all those derivations constructed154

without using composition by inference. We use uppercase Greek letters Φ, Ψ, Θ, etc. to155

denote derivations, and A, B, . . . , F to denote formulae. In the quantified derivations ∃x. Φ156

and ∀x. Φ, the scope of x extends as far as possible, i.e., the quantifiers have least precedence.157

The notation [t/x] Φ stands for the (capture-avoiding) substitution of the term t for the158

variable x in the derivation Φ.159

▶ Definition 3 (premises and conclusions). The premise and conclusion of derivations are160

given, respectively, by two maps pr, cn : D → F as follows:161

For every A ∈ {⊥, ⊤} ∪ A, pr(A) = cn(A) = A.162

If ∗ ∈ {∨, ∧}, then pr(Φ ∗ Θ) = pr(Φ) ∗ pr(Θ) and cn(Φ ∗ Θ) = cn(Φ) ∗ cn(Θ).163

If Q ∈ {∃, ∀} then pr(Qx. Φ) = Qx. pr(Φ) and cn(Qx. Φ) = Qx. cn(Φ).164

pr
(

Φ
Θ

)
= pr(Θ) and cn

(
Φ
Θ

)
= cn(Φ).165

▶ Definition 4 (duals). The negation map (·) : F → F gives the De Morgan dual of every166

formula; it is involutive (i.e., A = A) and has the following generating equalities: p t⃗ = p t⃗,167

A ∨ B = A ∧ B, ⊥ = ⊤, and ∃x. A = ∀x. A.168

1 The constant sets are non-empty because our logic is classical.
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⊤
ai↓

p t⃗ ∨ p t⃗

p t⃗ ∧ p t⃗
ai↑ ⊥

p t⃗ ∨ p t⃗
ac↓

p t⃗

p t⃗
ac↑

p t⃗ ∧ p t⃗

⊥
aw↓

p t⃗

p t⃗
aw↑ ⊤

∃x. p t⃗
av↓

p t⃗

p t⃗
av↑

∀x. p t⃗

A ∧ (B ∨ C)
s (A ∧ B) ∨ C

(A ∧ B) ∨ (C ∧ D)
m (A ∨ C) ∧ (B ∨ D)

[t/x] A
n↓ ∃x. A

∀x. A
n↑ [t/x] A

∀x. (A ∨ B)
qs↓ (∀x. A) ∨ (∃x. B)

(∃x. A) ∧ (∀x. B)
qs↑ ∃x. (A ∧ B)

(∃x. A) ∨ (∃x. B)
m∨

∃ ∃x. (A ∨ B)
∀x. (A ∧ B)

m∀
∧ (∀x. A) ∧ (∀x. B)

(∀x. A) ∨ (∀x. B)
m∨

∀ ∀x. (A ∨ B)
∃x. (A ∧ B)

m∃
∧ (∃x. A) ∧ (∃x. B)

∃x. (A ∨ B)
m∃

∨ (∃x. A) ∨ (∃x. B)
(∀x. A) ∧ (∀x. B)

m∧
∀ ∀x. (A ∧ B)

∃y. ∀x. A
m∃

∀ ∀x. ∃y. A

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
A ∗ B ≡ B ∗ A A ∗ (B ∗ C) ≡ (A ∗ B) ∗ C for ∗ ∈ {∨, ∧}
A ∧ ⊤ ≡ A ∨ ⊥ ≡ A ⊤ ∨ ⊤ ≡ ⊤ ⊥ ∧ ⊥ ≡ ⊥ ∀x. ⊤ ≡ ⊤ ∃x. ⊥ ≡ ⊥
∀x. ∀y. A ≡ ∀y. ∀x. A ∃x. ∃y. A ≡ ∃y. ∃x. A Qx. A ≡ Qy. [y/x] A for Q ∈ {∃, ∀}

Figure 1 The atomic symmetric proof system SKSq for classical first-order logic with rule schemes
above the dotted line and the generators for the equational theory below. In the atomic rules in the
top left corner, p ∈ Li. In the rules av↓ and av↑, x must not be free in t⃗.

▶ Definition 5 (proof system). A proof system S is a set of inference rule schemes of the169

form
A

ρ
B

where A and B are formulae and ρ is a name given to that inference rule scheme.170

A derivation Φ is a derivation in S if for every instance of composition by inference
Ξ
Ψ

171

in the construction of Φ,
cn(Ξ)

ρ
pr(Ψ)

, is in S. We write
A

Φ S
B

to denote a derivation Φ with172

premise A, conclusion B where all inference rules used in Φ are in the proof system S; we173

elide Φ and S unless relevant.174

▶ Definition 6. An equational theory is a congruent equivalence relation ≡ : F × F , often175

specified as being generated by a set of basic equivalences of formulae. We can extend a proof176

system S with an equational theory ≡ by adding the inference rule scheme
A

≡
B

if A ≡ B.177

This rule is invertible and we will use the notation
A
...
B

to stand for this rule scheme when178

the equational theory is understood from context.179

We will now give a variant of the proof system SKSq from [6] for first-order logic,180

reformulated using open deduction instead of the calculus of structures.181

▶ Definition 7. The proof system SKSq [6] is given by the equational theory and inference182

rules in Figure 1.2The first eight rules in the top left corner all related to atoms, and their183

names are prefixed with a.184

One major difference between the system as presented in Figure 1 and the similarly named185

system in [6] is that the latter system has vacuous quantification as part of the equational186

2 An example derivation of the drinker’s formula in SKSq is given in Appendix A.
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theory, i.e., it assumes that ∀x. A ≡ ∃x. A ≡ A if x is not free in A. We treat vacuousness187

in a more fine-grained manner by only including two atomic and directional versions of the188

rules, av↓ and av↑, and including only vacuous quantification over units in the equational189

theory. We add medial rules m∧
∀ , m∃

∨, and m∃
∀ to bridge the gap. Our version is motivated by190

Section 4 where vacuous quantification is made local. Nevertheless, our version is strongly191

similar to that of [6]. Some inference rules have a direction up or down, indicated by ↑ and ↓192

in their names, and if
A

ρ↓
B

is an inference rule then so is
B

ρ↑
A

.193

▶ Definition 8. A rule ρ↓ is a down-rule and a rule ρ↑ is an up-rule. The set of all194

up-rules is the up-fragment of SKSq and the proof system KSq is obtained from SKSq by195

removing the up-fragment.196

In the sequent calculus, id and cut can be seen to be dual: the former introduces a197

dual pair of of formulae downwards in a derivation and the latter upwards. This duality is198

obscured in their presentation by the asymmetry of sequent calculus proofs as trees with199

a single conclusion and many premises. Deep-inference proofs have a single premise and200

conclusion, restoring this top-down symmetry. And, because ρ↓ and ρ↑ are both in SKSq201

for all ρ, entire SKSq-derivations can be dualised, with proofs
⊤

Φ SKSq
A

becoming refutations202

A
Φ SKSq
⊥

. This symmetry allows for a lot of freedom in composing derivations and defining203

normalisation procedures.3 The entire up-fragment can be seen as corresponding to the cut204

rule in a sequent system, and cut-elimination in deep-inference takes the form of showing the205

whole up-fragment to be admissible (see [13] for the proof):206

▶ Theorem 9 (cut elimination for SKSq). For every A ∈ F , if
⊤

SKSq
A

, then
⊤

KSq
A

. ◀207

3 Localising Contraction and Weakening208

The system SKSq in Figure 1 has only atomic versions of the structural rules of identity209

(ai↓), cut (ai↑), (co)contraction (ac↓ and ac↑), (co)weakening (aw↓ and aw↑), and (co)vacuous210

quantification (av↓ and av↑). However, since every one of these rules can mention predicate211

literals of arbitrary arity and term arguments of arbitrary size, the rules cannot be checked212

with constant cost. We will decompose these rules into more fine-grained and local notions,213

but in order to do that we need to depart from the ordinary syntax of first-order terms and214

predicates to allow inference rules to operate within the atoms and terms.215

3.1 Localising Contraction216

In the propositional system SKS [6], the general contraction rule
A ∨ A

c↓
A

, where A is an217

arbitrary formula, is decomposed to its atomic form ac↓ by the medial rule m (for ∧ the218

main connective of A) and associativity and commutativity of disjunction (for ∨), as shown219

in the first two rules below:220

3 A little bit of this can be seen in the proof of Theorem 28 in Appendix D, in particular case gtr↓/(i⊜↓)
in Figure 6 and case gtc↓/ai′↓ in Figure 8.
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(B ∧ C) ∨ (B ∧ C)
m (B ∨ B) ∧ (C ∨ C)

(B ∨ C) ∨ (B ∨ C)
...............................
(B ∨ B) ∨ (C ∨ C)

(∃x. A) ∨ (∃x. A)
m∨

∃ ∃x. (A ∨ A)
(∀x. A) ∨ (∀x. A)

m∨
∀ ∀x. (A ∨ A)

221

The medial therefore allows us to swap the scope of connectives, bringing together the like222

parts of the formulae to be contracted, until we reach the atoms. This can be extended to223

first-order logic using the quantified medials shown in the second two rules above.224

However, in first-order logic the atomic contraction
p t⃗ ∨ p t⃗

ac↓
p t⃗

is not checkable with225

constant cost: its complexity depends on the size of the terms in t⃗. We would like to extend226

this method inside atomic formulae, giving contraction rules that operate directly on the227

terms. We can expose the internal structure of terms and atoms using non-commutative,228

non-associative binary application connectives.229

▶ Definition 10 (arities). The sets of compound variables, terms and atoms will be stratified230

into arities, Vi, Ti, and Ai, respectively, for each i ∈ N , with the following recursive grammar:231

Ti ::= Vi | Ci | Ti+1 @T T0 Ai ::= Pi | Pi | Ai+1 @i T0232

Thus, for any i ∈ N , given a compound term f ∈ Ti+1, compound atom p ∈ Ai, and a term233

t ∈ T0, the application (f @T t) is a compound term, and (p @i t) is a compound atom,234

respectively, at arity i; the application is called partial iff i ≠ 0. We reserve the unmodified235

nouns term and atom, and the set names T and A, to refer to T0 and A0 respectively.236

Notationally we assume @T and @i to be left-associative and having the highest precedence237

of all binary operators.238

▶ Example 11. If p ∈ P2, x ∈ V0, c ∈ C0, and f ∈ C1, then the atom p(c, f (x)) is written as239

(p @1 c) @0 (f @T x), and p @1 c is a partial atom in A1.240

The purpose of generalising terms and atoms to applications is that we can push contrac-241

tion inside them, and contract directly on predicates, constants, and variables. For instance,242

to perform a contraction on the atom in Example 11 amounts to the following derivation:243 (
(p @1 c) @0 (f @T x)

)
∨
(

(p @1 c) @0 (f @T x)
)

(
p ∨ p

ac↓ p
@1

c ⊔ c
tc↓ c

)
@0

(
f ⊔ f

tc↓ f
@T

x ⊔ x
tc↓

x

)244

where the only contractions are on truly constant sized objects: the predicates, constants,245

and variables. Observe that when we push these contractions to constants and variables, we246

need to introduce a notation for representing these term duplications, which we write using ⊔247

to be reminiscent of propositional disjunction. For cocontraction we will also need the dual248

notion of term de-duplication, written using ⊓.249

▶ Definition 12 (compound terms). To terms of every arity, we add the operators ⊔ and ⊔.250

To support reasoning on these operators, we generalise terms to compound terms of arity251

i for every i ∈ N , with the following grammar at every arity.252

Ti ::= Vi | Ci | Ti ⊔i TI | Ti ⊓i Ti |
Ti

iTi
| Ti+1 @T T0253

We want to avoid nonsense such as the (de-)duplication of terms of different arities, so254

we annotate the ⊔ and ⊓ connectives with the arities of the terms they are joining. We255

will generally omit the arity subscripts unless they are essential, and simply assume that256

compound terms are grammatically (i.e., arity-wise) correct. The set of nonvertical terms,257 ...
Ti, are those terms in Ti without any occurrence of (vertical) composition by inference.258
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Observe also that in our desired contraction derivation above we performed a contraction259

on p in isolation, which is not a formula but a compound atom of arity 2. Indeed, we have260

to generalise our notion of derivations to compound derivations to account for such steps.261

▶ Definition 13 (compound atoms). Like with terms, we stratify compound atoms, defining262

for each i ∈ N the set Ai of arity i with the following recursive grammar:263

Ai ::= Pi | Ai ∨i Ai | Ai ∧i Ai |
Ai

iAi
| Ai+1 @i T0264

Like with compound terms, we want to avoid nonsense such as the disjunction of two atoms265

of different arity, so every connective is annotated with the arity; as before we will generally266

drop these annotations and assume grammatical correctness. The set of nonvertical atoms,267 ...
A i, are those atoms in Ai without any occurrence of (vertical) composition by inference.268

This more liberal composition of terms and atoms is reminiscent of deep-inference269

subatomic systems for propositional logic [2, 3], extended to predicates. In particular, we see270

that the necessary rules for decomposing atomic contraction follow the same shape as the271

medial rule and atomic contractions.272

(A @i s) ∨i (B @i t)
m∨

@ (A ∨i+1 B) @i (s ⊔0 t)
(f @T s) ⊔i (g @T t)

m⊔
@ (f ⊔i+1 g) @T (s ⊔0 t)

p ∨i p
pc↓ p

c ⊔i c
tc↓

c
273

▶ Example 14. We can now finish the contraction derivation hinted at above:274 (
(p @1 c) @0 (f @T x)

)
∨0

(
(p @1 c) @0 (f @T x)

)
m∨

@  (p @1 c) ∨1 (p @1 c)
m∨

@ p ∨2 p
ac↓ p

@1
c ⊔0 c

tc↓ c

@0

 (f @T x) ⊔0 (f @T x)
m⊔

@ f ⊔1 f
tc↓ f

@T

x ⊔0 x
tc↓

x

275

3.2 Localising Weakening276

The general weakening rule,
⊥

w↓
A

, viewed premise-downwards, creates a formula from277

nowhere, so checking the correctness of an instance means checking that what is created is278

indeed a formula (an atomic formula in the case of atomic weakening). Like with contraction,279

we push the weakening inside atoms so that each check can be done in constant time; we do280

this by enabling the proof system to construct an atom. Note that this will require us to281

define weakening the predicates and constants used to build atoms and terms, and therefore282

we will need to add such units to the definitions of compound atoms, terms, and derivations.283

▶ Definition 15 (syntax with compound units). For every arity i ∈ N :284

We add two term units ▽i and ▲i, standing respectively for a deleted and a co-deleted285

constant. Definition 12 is updated as follows: Ti ::= · · · | ▽i | ▲i.286

We add two atomic units ⊥i and ⊤i, standing respectively for a weakened and a co-287

weakened literal. Definition 13 is updated as follows: Ai ::= · · · | ⊥i | ⊤i.288

We write Wi for Li ∪ Ci ∪ Vi ∪ {⊥i,▽i, ⊤i,▲i} and w to denote elements of Wi.289

The derivation units ⊥ and ⊤ are removed from the grammar of derivations (Definition 2);290

they are just notations for ⊥0 and ⊤0 respectively. We also write ∨0 and ∧0 instead of ∨291

and ∧ respectively in derivations.292
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(A @i s) ∨i (B @i t)
m∨

@ (A ∨i+1 B) @i (s ⊔0 t)
p ∨i p

pc↓ ip
(A ∧i+1 B) @i (s ⊓0 t)

m@
∧ (A @i s) ∧i (B @i t)

p
tc↑ ip ∧i p

(f @T s) ⊔i (g @T t)
m⊔

@ (f ⊔i+1 g) @T (s ⊔0 t)
c ⊔i c

tc↓ i
c

(f ⊓i+1 g) @T (s ⊓0 t)
m@

⊓ (f @T s) ⊓i (g @T t)
c

tc↑ i
c ⊓i c

⊥i⊥▽↓ ⊥i+1 @i ▽0

⊥ipw↓ ip
⊤i+1 @i ▲0⊤▲↑ ⊤i

p
pw↑ i⊤i

▽i
▽▽↓

▽i+1 @T ▽0

▽itw↓ i
c

▲i+1 @T ▲0
▲▲↑

▲i

c
tw↑ i

▲i

(A ∧i B) ∨i (C ∧i D)
m (A ∨i C) ∧i (B ∨i D)

(q ⊓i r) ⊔i (s ⊓i t)
m⊔

⊓ (q ⊔i s) ⊓i (r ⊔i t)
(A @i t) ∗i †is∗

@↓ (A ∗i+1 †i+1) @i t

for ∗ ∈ {∨, ∧} and † ∈ {⊥, ⊤}
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(X ∗i Y ) ≡i (Y ∗i X) X ∗i (Y ∗i Z) ≡i (X ∗i Y ) ∗i Z for ∗i ∈ {∨i, ∧i, ⊔i, ⊓i}
A ∨i ⊥i ≡i A ∧i ⊤i ≡i A ⊤i ∨i ⊤i ≡i ⊤i ⊥i ∧i ⊥i ≡i ⊥i

t ⊔i ▽i ≡i t ⊓i ▲i ≡i t ▲i ⊔i ▲i ≡i ▲i ▽i ⊓i ▽i ≡i ▽i

Figure 2 System SKSql: the rules and equational theory to add to system SKSq (Figure 1). In
tc↓, tw↓, tc↑, and tw↑, recall that c ∈ Vi ∪ Ci ∪ {▽i,▲i}. The equational theory is given for both
compound terms and atoms for every arity i ∈ N , written ≡i; in the generating equations, X, Y, Z

are assumed to belong to a suitable grammatical category and arity.

The term unit ▽i can be thought of as a minimal term of arity i, which can then be used293

to weaken the components of a term systematically by means of the following four rules; the294

first show how @i and @T are absorbed, and the second two are just the weakening rules on295

predicates and constants.296

⊥i⊥▽↓ ⊥i+1 @i ▽0

▽i
▽▽↓

▽i+1 @T ▽0

⊥ipw↓ ip
▽itw↓ i
c

297

Observe that for the rules pw↓ and tw↓, the arity of the vertical composition is inherited by298

that of the compound atomic or term unit. We assume that the inferences are arity-correct,299

so we could equivalently have deduced the arity of the unit from that of the conclusion, but300

keeping the arities in the rule is obviously checkable with constant cost.301

▶ Example 16. The SKSq weakening rule
⊥

aw↓
p(c, f (x))

has the following localised form:302

⊥0⊥▽↓ ⊥1⊥▽↓
⊥2pw↓ p

@1
▽0tw↓ c

@0

 ▽0
▽▽↓

▽1tw↓ f
@T

▽0tw↓
x

303

▶ Definition 17 (SKSql). The system SKSql consists of the rules of SKSq (Figure 1) with304

the atomic rules ac↓, ac↑, aw↓, aw↑ replaced with the rules in Figure 2, and the equational305

theory of compound terms and atoms added.306

We conclude this section by showing some properties of the interaction between the307

higher-arity units and term calculus (proofs in Appendix B).308
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▶ Proposition 18. For any n ∈ N and terms t1, . . . , tn, the compound atom ⊥n @ t1 @ . . .@ tn309

is equivalent to ⊥0. ◀310

▶ Proposition 19. Let A be a (i + 1)-ary compound atom. Then for any terms s and t,311

A @i s implies A @i (s ⊔i t), and A @i (s ⊓i t) implies A @i t. ◀312

4 Localising Instantiation and Vacuousness313

The instantiation rule
[t/x] A

n↓
∃xA

is doubly non-local because t can be arbitrarily large and314

x can occur arbitrarily many times in A. We can decompose instantiation into two phases,315

corresponding to these two sources of non-locality: first t is built incrementally, and then it316

replaces x in A. The intermediate stages of this incremental treatment of instantiation are317

represented using explicit substitution [1, 3].318

We write [t/x] X for the actual substitution of a variable x by a term t in in any319

(compound) term, atom, or formula X, ⟨t/x⟩ A for the explicit substitution which has not320

been applied yet, just indicated in the syntax; applying it will result in [t/x] X.321

∃i+1y∃0z ⟨y @T z/x⟩ix↓
∃ix

⟨c/x⟩iqn↓
∃ix

In the first phase, we will build an explicit substi-322

tution equivalent to ⟨t/x⟩ locally by building the term323

incrementally, using quantification over higher arity vari-324

ables. This phase has nothing to do with the target of the substitution X, so we can operate325

directly inside the binding, transforming it from an existential quantifier to an explicit326

substitution. The inference rules that we will use to build this compound substitution are327

shown to the right, which we call expansion and instantiation respectively (where c ∈ Ci ∪ Vi328

as usual). We implement x↓ in such a way that y and z are globally fresh.4 Thus, in the329

premise of x↓, the modifed ∃-prefix, ∃i+1y∃0z ⟨y @T z/x⟩i, acts as a binder for x. Note that330

since the arity of the variables have increased, both the quantifier and the explicit substitution331

will need to track the arity.332

▶ Example 20. Here is the implementation of n↓ for the witness term g(f (c), u):333

⟨g/y1⟩2
∃2y1

⟨f/w1⟩1
∃1w1

⟨c/w2⟩
∃0w2

⟨w1 @ w2/y2⟩0

∃0y2

⟨y1 @T y2/y⟩1

∃1y

⟨u/z⟩0
∃0z

⟨y @T z/x⟩0

∃0x

A334

where the variables y, z, y1, y2, w1, and w2 are fresh. The compound substitution335

⟨g/y1⟩2 ⟨f/w1⟩1 ⟨c/w2⟩0 ⟨w1 @T w2/y2⟩0 ⟨y1 @T y2/y⟩1 ⟨u/z⟩0 ⟨y @T z/x⟩0336

is equivalent to ⟨g(f (c), u)/x⟩. The tree structure of the term is transferred into the explicit337

substitutions; ⟨f/w1⟩1 and ⟨c/w2⟩0 are as independent as the existential quantifiers ∃1w1 and338

∃0w2 in sequence.339

▶ Definition 21 (explicit substitution syntax, updating Definition 15). For every i, j ∈ N ,340

Compound terms are extended as follows: Ti ::= · · · | ⟨Tj/x⟩j Ti.341

4 We assume a form of Barendregt’s variable naming convention, where every binder in the entire derivation
binds a unique variable. Thus, when we say a variable is “fresh” in an inference rule, we merely mean
that the rule introduces its binder and therefore the variable is globally distinct. Appendix E contains a
discussion about the costs of creating fresh variables.
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Compound atoms are extended as follows: Ai ::= · · · | ⟨Tj/x⟩j Ai.342

Prefix derivations Q generalise the quantifiers and have the following grammar: Q ::=343

∃ix | ∀ix | ⟨t/x⟩i | Q Q |
Q
Q

. The prefix premise and prefix conclusion maps pr, cn :344

Q × F → F have: pr(∃ix, A) = cn(∃ix, A) = ∃ix. A, pr(∀ix, A) = cn(∀ix, A) = ∀ix. A,345

pr(⟨t/x⟩i, A) = cn(⟨t/x⟩i, A) = ⟨t/x⟩i A, pr(Q Q′, A) = pr(Q, pr(Q′, A)), cn(Q Q′, A) =346

cn(Q, cn(Q′, A)), pr
(

Q

Q′ , A

)
= pr(Q, A), and cn

(
Q′

Q
, A

)
= cn(Q, A).347

Compound derivations are modified by removing the quantified derivations ∃ix. D and348

∀ix. D, and adding D ::= · · · | Q D. The prefix and conclusion maps for derivations are349

updated as follows pr(Q Φ) = pr(Q, pr(Φ)) and cn(Q Φ) = cn(Q, cn(Φ)).350

⟨t/x⟩i B ∗ ⟨t/x⟩i C

⟨t/x⟩i(B ∗ C)

For the second phase of instantiation, we successively push the351

component substitutions the body, with inference rules like on the right352

for various operators ∗. Finally, once an explicit substitution reaches a353

leaf node (constant, predicate, or variable), it disappears, either by being applied successfully354

or vacuously. By construction, each substitution term created in the first phase is small, only355

a single element or a single elementary application, so we don’t need to duplicate arbitrarily356

large terms. Explicit substitutions neither create nor destroy information, so we might expect357

that this can be done via invertible inference rules.358

However, there is a complication due to the interaction with the compound term units359

and connectives introduced in Section 3.1. For example, consider the following derivations:5360

p @ c
Prop.19
p @ (c ⊔ d)

∧0

p @ d
Prop.19
p @ (c ⊔ d)

::::::::::::::::::::::::::

⟨c ⊔0 d/x⟩0
(p @ x) ∧0 (p @ x)

ai↑ ⊥0
..........................................................

⊥0

and

c
tw↑

▲0
̸=

d
tw↑

▲0
::::::::::::::

⟨▲0/x⟩0
x ̸= x

⊥0
..........................

⊥0

361

We should not be able to derive a contradiction from either p(c) ∧ p(d) or c ̸= d (dually,362

we should not be able to prove p(c) ∨ p(d) or c = d). The mistake, marked by the squiggly363

lines, is in naïvely allowing c ⊔0 d and ▲0 to be duplicated as they distribute over ∧ and @6.364

Composition by explicit substitution does not interact straight-forwardly with duality [3, 14]365

, and by introducing units ▽i and ▲i and connectives ⊔i and ⊓i, we have exposed terms to366

duality. The negation of p @1 (c ⊔0 d) is not p @0 (c ⊔0 d) but rather p @0 (c ⊔0 d), and explicit367

substitutions shouldn’t allow us to cheat the cut rule in this way. We can enforce correctness368

by restricting true duplication upwards over ∧ and @ to terms that cannot be transformed369

in this way; that is, ordinary terms and ▽i, which cannot create new material upwards.370

▶ Definition 22. A term t ∈ Ti is elementary if it is in Ci ∪Vi or (Ci+1 ∪Vi+1)@T (C0 ∪V0).371

We denote the set of elementary terms of arity i by Ei .372

Elementary terms are both ordinary and small. Given an explicit substitution ⟨t/x⟩i, we373

can check in constant time whether t is elementary, and we restrict duplicating rules to the374

cases where t is either elementary or ▽i.7375

5 In the derivation on the right, we imagine that we have a distinguished predicate ̸= for term inequality,
simply because this better highlights the problem.

6 We understand the structure of x ̸= y to be ̸= @ x @ y, so the connective really is @.
7 See Example 31 for how the problematic derivations are fixed.
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∃i+1y∃0z ⟨y @T z/x⟩ix↓ ∃ix

⟨c/x⟩iqn↓ ∃ix
where c ∈ Ci ∪ Vi and y, z are fresh

t
σ↓ ⟨t/x⟩i x

w
vσ↓ ⟨t/x⟩i w

⟨⟨e/x⟩i s
/

y⟩
k

⟨e/x⟩i X
σσ↓ ⟨e/x⟩i ⟨s/y⟩k X

for w ∈ Wi \ {x} ,
P ∈ A0, e ∈ Ei,

X ∈ Tj ∪ Aj

(⟨e/x⟩i f) @T (⟨e/x⟩i s)
σ@T ↓ ⟨e/x⟩i(f @T s)

(⟨e/x⟩i A) @j (⟨e/x⟩i s)
σ@↓ ⟨e/x⟩i(A @j s)

(⟨e/x⟩i s) ⊓j (⟨e/x⟩i t)
σ⊓↓ ⟨e/x⟩i(s ⊓j t)

(⟨e/x⟩i A) ∧j (⟨e/x⟩i B)
σ∧↓ ⟨e/x⟩i(A ∧j B)

 for e ∈ Ei

(⟨s/x⟩i q) ⊔j (⟨t/x⟩i r)
m⊔

σ ⟨s ⊔i t/x⟩i(q ⊔j r)
(⟨s/x⟩i A) ∨j (⟨t/x⟩i B)

m∨
σ ⟨s ⊔i t/x⟩i(A ∨j B)

Qjy. ⟨t/x⟩i A
σQ↓ ⟨t/x⟩i Qjy. A

for Q ∈ {∃, ∀}

∃ixqv↓ ⟨▲i/x⟩i

⟨▲i/x⟩i w
▲v↓

w

⟨▲j/x⟩j(X ∗i Y )
▲∗↓ ⟨▲j/x⟩j X ∗i ⟨▲j/x⟩j Y

⟨▲i/x⟩i ⟨s/y⟩k X
▲σ↓ ⟨⟨▲i/x⟩i s

/
y⟩

k
⟨▲i/x⟩i X

⟨▲i/x⟩i Qjy. A
▲Q↓ Qjy. ⟨▲i/x⟩i A

 for ∗ ∈ {∨i, ∧i, @i, @T , ⊔i, ⊓i}
suitable X, Y, and Q ∈ {∃, ∀}

Figure 3 System SKSqlx: the rules to add to system SKSql (Figure 2). Only the down-rules are
shown; the symmetric rules are obtained by dualising.

(⟨s/x⟩i A) ∨0 (⟨t/x⟩i A)
m∨

σ ⟨s ⊔i t/x⟩i(A ∨0 B)

We can also apply a substitution ⟨s ⊔i t/xi⟩ by means376

of the medial rule shown to the right, which allows us to377

extend contraction to formulae with explicit substitutions.378

In the case of the example on the left, contracting (p @0 x) ∧0 (p @0 x) and applying this379

medial would result in a sound derivation with premise (p(c) ∧ p(c)) ∨ (p(d) ∧ p(d)).380

In the case of pushing an explicit substitution into the operands of @i or @T , the nature381

of the substitution changes: while inference rules may still be applied on the terms inside382

the substitution, the substitution itself cannot transform into a quantifier, since ∃x. Φ is a383

derivation and not a (compound) atom, i.e., (∃x. Φ) @ t is outside the grammar. To achieve384

this, we distinguish explicit substitutions on subatomic particles in the form ⟨t/x⟩i which385

cannot turn into quantifiers.386

▶ Example 23. The substitution ⟨f (y)/x⟩ applied to p(x) ∨0 (∀0y. q) moves as follows:387

p
σ↓ ⟨f @T y/x⟩0 p

@0
f @T y

σ↓ ⟨f @T y/x⟩0 x
@0σ↓ ⟨f @T y/x⟩0(p @0 x)

∨0
∀0y

q
σ↓ ⟨f @T y/x⟩ q

∀σ↓ ⟨f @T y/x⟩0(∀0y. q)
m∨0

σ

⟨ (f @T y) ⊔0 (f @T y)
m⊔

@ f ⊔1 f
tc↓ f

@T

y ⊔0 y
tc↓

y

/
x⟩

0

((p @0 x) ∨0 (∀0y. q))

388

Vacuous quantification
∃x. A

v↓
A

(where x does not occur free in A) is not local because389

it necessitates checking for x in A. By using explicit substitutions, we are able to simulate390

it locally. If we can apply a substitution ⟨t/x⟩ to a formula A, and A is not changed by391

this, then x must not appear free in A. In fact, it is enough to test with the compound392

unit ▲i instead of t, since it can be co-weakened to t using tw↑ if needed. Reading upwards393

from the conclusion, the leaves in A of the form w ∈
⋃

j Wj \ {x} are changed to ⟨▲i/x⟩i w,394



V. Barrett, K. Chaudhuri 94:13

A ⇋0 B
i⇋∨ ↓

A ∨0 B

⊤0pr↓ p ⇋i p
⊤0tr↓

c ⊜i c

⊤0ur↓
▽i ⊜i ▲i

(f ⊜i+1 g) ∧0 (s ⊜0 t)
ti@↓ (f @T s) ⊜i (g @T t)

(q ⊜i s) ∧0 (r ⊜i t)
ti⊔↓ (q ⊓i r) ⊜i (s ⊔i t)

(q ⊜j r) ∧0 (s ⊜i t)
tiσ↓ ⟨q/x⟩j s ⊜i ⟨r/x⟩j t

(A ⇋i+1 B) ∧0 (s ⊜0 t)
pi@↓ (A @T s) ⇋i (B @T t)

(A ⇋i B) ∧0 (C ⇋i D)
pi∨↓ (A ∧i C) ⇋i (B ∨i D)

(q ⊜j r) ∧0 (A ⇋i B)
piσ↓ ⟨q/x⟩j A ⇋i ⟨r/x⟩j B

⊥0w⊜↓
▽i ⊜i ▽i

⊥0w ̸⊜↓
▽i ̸⊜i ▽i

(q ⊜i r) ∨0 (s ⊜i t)
c⊜↓ (q ⊔i s) ⊜i (r ⊔i t)

(q ̸⊜i r) ∨0 (s ̸⊜i t)
c̸⊜↓ (q ⊔i s) ̸⊜i (r ⊔i t)

⊥0w⇋↓ ⊥i ⇋i ⊥i

⊥0w ̸⇋↓ ⊥i ̸⇋i ⊥i

(A ⇋i B) ∨0 (C ⇋i D)
c⇋↓ (A ∨i C) ⇋i (B ∨i D)

(A ̸⇋i B) ∨0 (C ̸⇋i D)
c̸⇋↓ (A ∨i C) ̸⇋i (B ∨i D)

(q ⊜i r) ∧0 (s ⊜i t)
i⊜↓ (q ⊜i s) ∨0 (r ̸⊜i t)

(A ⇋i B) ∧0 (C ⇋i D)
i⇋↓ (A ⇋i C) ∨0 (B ̸⇋i D)

Figure 4 System SKSqt: the rules to add to system SKSqlx (Figure 3). Only the down-rules are
shown; the symmetric rules are obtained by dualising.

then these particular substitutions are repeatedly merged until they successfully reach A,395

at which point it must be that x was vacuous in A so the substitution can be changed into396

an ∃ using the rule
∃ixqv↓

⟨▲i/x⟩i

that is applied entirely within the existential prefix. We397

want the inference rule to be local, so it must be sound even if x does appear free in A. In398

this case, the explicit substitution will act like a coweakening, covering every x by ▲i to399

obtain [▲i/x]i A. No matter which term witnesses the existential ∃ix. A, we would be able400

to coweaken on it, so qv↓ is like an anonymous coweakening.401

▶ Definition 24 (system SKSqlx). The system SKSqlx is obtained from SKSql (Definition 17)402

by adding the rules and equational theory in Figure 3.403

5 Localising Identity with an Equality Predicate404

The identity rule
⊤

ai↓
p(t1, . . . , tn) ∨ p(t1, . . . , tn)

is not local because the terms can be arbit-405

rarily large and must be compared. Suppose, given two atomic formulae, A = p(t1, . . . , tm)406

and B = q(s1, . . . , sn), we want to determine whether
⊤

ai↓
A ∨ B

is a valid instance of the407

identity rule. We need to determine whether B = A, which we can do by checking if q = p408

(in which case it follows that m = n) and that for all i ∈ 1..n, ti = si. Guided by this409

intuition, we do not decompose the atomic identity rule by pushing it inside the atoms, as410

we do for contraction and weakening, but rather by exposing a conjunction of all the things411

to check. Likewise, equality of two ordinary terms can be decomposed by means of a linear412

rule
(f = s) ∧0 (g = t)

(f @T s) = (g @T t)
and a local reflexivity rule

⊤0

c = c
for c ∈ Ci ∪ Vi.413

However, we must again be careful because compound terms might contain term units ▽i,414

▲i and term connectives ⊔i, ⊓i. For example, we don’t want to be able to use ▽0 = ▽0 to415

prove (p @0 ▽0) ∨0 (p @0 ▽0), , and then apply weakening to prove p(s) ∨ p(t) for any terms416
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s and t. Indeed, the negation of p @0 ▽0 is p @0 ▲0. So our reflexivity rule shouldn’t be “are417

these two (partial) terms equal?” but rather “are these (partial) terms one the dual of the418

other?” These relations coincide for all ordinary terms and diverge for any terms containing419

compound units and connectives. We denote the latter relation by ⊜i, where i ≥ 0 is the420

arity of the partial terms being compared, and it is governed by the inference rules tr↓, ti@↓,421

ti⊔↓ and tiσ↓ in Figure 3.422

We also note that ⊜i is an intensional equality predicate: its arguments are not terms423

(except when i = 0) but higher arity partial terms. An extensional reading of f ⊜2 g could be424

∀0x∀0y((f @T x) @T y) ⊜0 ((g @T x) @T y), but this stops us from directly comparing f and g.425

We adapt the structural rules of contraction, weakening and identity to this quirk as shown426

in the bottom three lines of Figure 4, noting that the inference rules such as
▽itw↓
ci

and427

▽i
▽▽↓

▽i+1 @T ▽0
, shown in Figure 3, can still be applied to partial terms in the scope of ⊜i428

so that weakening can be applied. We further note that coweakening inside terms allows us429

to prove formulae like (f @T ▲0) ⊜1 (▲2 @T c), and by Proposition 19, we can prove formulae430

like (f2 ⊔2 g2) ⊜2 f2.431

The other part of the decomposition of the identity rule concerns comparing predicates.432

After we have separated off the terms, we are left with two predicates and we want an433

inference rule that will check whether one is the negation of the other. We introduce another434

new connective, ⇋i, for i ≥ 0, and inference rules i⇋∨ ↓, pr↓, pi@↓, pi∨↓ and piσ↓ given in435

Figure 4 that allow us to decompose compound predicates and compare them. The inference436

rule i⇋∨ ↓ bridges the gap between normal formulae and pr↓ which concerns ⇋i. This equality437

has an intensional reading similarly to that of ⊜i; in particular, it compares (compound)438

atoms for syntactic equality. We supplement the proof system with structural rules designed439

for ⇋i, shown in Figure 4.440

▶ Definition 25 (equalities, updating Definition 21). For every i ∈ N :441

Compound atoms: Ai ::= · · · | Ti ⊜i Ti | Ti ̸⊜i Ti | Ai ⇋i Ai | Ai ̸⇋i Ai.442

Duality: we extend the involutive duality maps to (composition-by-inference-free) non-443

vertical terms and atoms generated by the equalities:444

t = t ci = ci

(
for c ∈ Ci ∪ Vi

)
▽i = ▲i s ⊔i t = s ⊓i t s @T q = s @T q

445

A = A ⊥i = ⊤i A ∨i B = A ∧i B s ⊜i t = s ̸⊜i t A ⇋i B = A ̸⇋i B
446

⟨s/x⟩i t = ⟨s/x⟩i t ⟨s/x⟩i A = ⟨s/x⟩i B447

▶ Definition 26 (system SKSqt). The system SKSqt is derived from SKSqlx (Definition 24)448

by removing the atomic identity rules ai↓ and ai↑ and adding the rules in Figure 4.449

6 Meta-Theory450

The first main meta-theorem about SKSqt is is completeness with respect to SKSq.451

▶ Theorem 27 (completeness). For any A, B ∈ F , if
A

SKSq
B

, then
A

SKSqt
B

.452

Proof Sketch. Each of the atomic rules ai↓, ai↑, ac↓, ac↑, aw↓, aw↑, av↓ and av↑, and the453

general instantiation rules n↓ and n↑, of SKSq will be shown to be derivable in SKSqt. The454

proof involves building the derivations below for every i ∈ N by induction:455
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t ⊔i t
KSqt

t

A ∨i A
KSqt

A

▽i

KSqt
t

⊥i

KSqt
A

σt
x,i

KSqt
∃ix

[s/x]i X
KSqt

⟨s/x⟩i X

⟨▲i/x⟩i X
KSqt

[▲i/x]i X

⊤0
KSqt

t ⊜i t

⊤0
KSqt

A ∨i A

(a) (b) (c) (d) (e) (f) (g) (h) (i)

456

Derivations (a) and (b) are used to show ac↓ is admissible, and their duals show that ac↑ is457

admissible, in SKSqt; (c) and (d) similarly show aw↓ and aw↑; (e) and (f) show n↓ and n↑;458

(g) establishes av↓ and av↑, where X ∈ Ai ∪ F , and where σt
x,i is a sequence of elementary459

explicit substitutions that amount to ⟨t/x⟩i; and (h) and (i) are used to derive ai↓ and ai↑.460

The details of this sketched proof are in Appendix C. ◀461

A more interesting theorem is conservativity: no additional theorems result from the462

additional structure in SKSqt. We consider it to be a strength of SKSqt that rules can463

be spread through one another; for example, we can delay firing instantiation instead of464

guessing a term to instantiate. This merging of rules makes it surprising that conservativity465

nevertheless holds for this system.466

▶ Theorem 28 (conservativity). Let A, B ∈ F be given as in Definition 2, i.e., containing no467

occurrences of {▽,▲, ⊔, ⊓}, nor occurrences of {∃i, ∀i, ∨i, ∧i} at arities i > 0, nor partially468

applied compound terms or atoms. If
A

SKSqt
B

then
A

SKSq
B

.469

Proof Sketch. First we show that SKSqt derivations are conservative over a variant of SKSqlx470

with ai↓ and ai↑ replaced with similar rules for the atoms of SKSqt. Next we show that this471

system is conservative over a system with that removes ⊔i, ⊓i for i ≥ 0 and ∨i, ∧i for i > 0472

and replaces the local contraction rules with atomic contraction. Next we show that this473

system is conservative of a system with ▽i,▲i for i ≥ 0 and ⊥i, ⊤i for i > 0 removed and474

local weakening and local vacuousness replaced by the atomic versions. Finally we show475

this system is conservative over SKSq. The details of the proof systems and the steps of the476

conservativity result can be found in Appendix D. ◀477

7 Conclusion478

We have given a fully local symmetric proof system SKSqt in open deduction for classical479

first-order logic that is complete and conservative with respect to a non-local system SKSq.480

The key innovations are: to allow vertical composition by inference in (partially applied)481

terms, atoms, and quantifier prefixes; to add new operators to denote (co)contraction and482

(co)weakening within terms and atoms, which are dualised by negation; to use explicit483

substitutions over higher-arity variables to incrementally build and process instantiations;484

and to localise (co)identity with new predicates for equality.485

An obvious next step is to build a semantics of SKSqt in its own right. A denotational486

semantics for compound terms and atoms would also establish the global consistency of487

arbitrary SKSqt derivations, not just those that have ordinary formulas at its endpoints.488

Moreover, it would be important to develop an internal meta-theory (in particular the489

up-fragment elimination) for SKSqt. One can certainly adapt the roundabout argument490

of [13] for the non-local system SKSq, but there is still no fully internal cut-elimination491

procedure for even SKSq despite being an open problem for 20 years. Full locality might492

allow us to define generalisations of atomic flows from the propositional case, and define493

abstract normalisation procedures on these flows [11]. Explicit substitutions have been used494

as a mechanism for proof compression [5]. Along with the other compression mechanisms495

which are novel to deep-inference, keeping explicit substitutions but forgetting the need496

for locality could lead to new lower bounds for proofs. Incremental instantiations using497
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higher-arity variables allows for derivations that would not be possible directly in SKSq; for498

instance,
∃y. p(f (y))

KSqt
∃x. p(x)

.499
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A Examples and Explanatory Theorems549

▶ Example 29. Below is a derivation of the drinker’s formula ∃x. ∀y. d(x) ∨ d(y) in SKSq.550

⊤
............................................................ †

∀x.

⊤
.................................... †

∀y.
⊤

ai↓
d(x) ∨ d(x)

qs↓

(∀y. d(x)) ∨
∃y. d(x)
............. ‡
∃z. d(x)

qs↓

(∃x. ∀y. d(x)) ∨
∀x. ∃z. d(x)
................... ‡
∀y. ∃x. d(y)

m∃
∀ ∃x. ∀y. d(y)

m∨
∃

∃x.
(∀y. d(x)) ∨ (∀y. d(y))

m∨
∀ ∀y. d(x) ∨ d(y)

551

The rule names are written to the left of the rule in vertical compositions as a guide; they552

are not strictly part of the syntax of derivations. The rules marked † correspond to uses of553

the equations for vacuous quantification, and the rules marked ‡ correspond to the equations554

for α-renaming. Note that this proof is contraction-free. Instead, the two rules m∨
∃ and m∨

∀555

are used to distribute the quantifiers to operands of a disjunction, reminiscent of miniscoping.556

This differs from the sequent calculus, where the only way to prove the drinker’s formula is557

to begin (reading conclusion upwards) with a contraction.558

▶ Proposition 30 (general vacuousness). The following rules are derivable in SKSq, where in559

each case x is not free in A.560

A

∀x. A

∃x. A

A

∀x. A

A

A

∃x. A
561

Proof. The first two rules are derived by induction on the structure of A and using the562

medials m∨
∀ , m∧

∀ , m∃
∨, m∃

∧, and m∃
∀ to distribute the (vacuous) quantifier. The second two are563

instances of n↑ and n↓ respectively using any term in C0 as the witness. ◀564

https://arxiv.org/pdf/cs.LO/0512036
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▶ Example 31. The problematic examples of Section 4 are fixed as follows, which are both565

sound.566

(p @ c)

⟨c/x⟩0(p @ x)
∧0

(p @ c)

⟨c/x⟩0(p @ x)

⟨ c

c ⊔0 d

/
x⟩

0

(p @ x) ∧0 (p @ x)
ai↑ ⊥0

..............................................................................
⊥0

and

c ̸= c

⟨ c
tw↑

▲0

/
x⟩

0

x ̸= x

⊥0

....................................................
⊥0

567

B Proofs in Section 3568

Proof of Proposition 18. The first direction, that ⊥0 implies ⊥n @ t1 @ · · ·@ tn, follows from569

the weakening rules:570

⊥0

⊥▽↓

⊥n @
⊥0

▽▽↓,tw↓

t1

@ · · · @
⊥0

▽▽↓,tw↓

tn

571

The second direction, that ⊥n @ t1 @ · · · @ tn implies ⊥0, uses the final equation in Figure 2572

first to create (⊥n @ t1 @ · · · @ tn) ∧0 ⊥0:573

 ⊥n................
⊥n ∧n ⊥n

@ t1 @ · · · @ tn−1

≡

(⊥n @ t1 @ · · · @ tn−1) ∧1 ⊥1

@ tn

..............................................................................................
⊥nkw
⊤n

@
t1

▲▲↑,tw↑

▲0

@ · · · @
tn

▲▲↑,tw↑

▲0

⊤▲↑

⊤0


∧0 ⊥0

...................................................................................................
⊥0

574

◀575

Proof of Proposition 19. The first statement can be proven using the equality s ≡ s ⊔0 ▽0576

and then using term weakening to derive t from ▽0. However, to justify the soundness of577
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this equality, we prove the statement without using it as follows:578

A @i s
................................................................................................

(A @i s) ∨i

⊥i+1⊥▽↓
⊥i+1

⊥▽↓,pw↓,kw,▽▽↓,tw↓

A

@i

▽0

▽▽↓,tw↓

t

m∨
@

A ∨i+1 A

m∨
@,pc↓,m⊔

@,tc↓

A

@i (s ⊔0 t)

579

The other statement has the dual proof using cocontraction and coweakening. ◀580

C Proof of Completeness581

We recall that the set of nonvertical terms,
...
Ti, are those terms in Ti without any occurrence582

of (vertical) composition by inference.583

C.1 Contraction584

▶ Lemma 32. For all t ∈
...
Ti, there is a derivation

t ⊔i t
Φ KSqt

t
.585

Proof. We proceed by induction on the structure of t.586

If t ∈ Ci ∪ Vi ∪ {▽i,▲i} then Φ =
t ⊔i t

tc↓
t

.587

If t is s @T q, for s ∈
...
Ti+1 and q ∈

...
T0, then by induction we can build:588

Φ =

(s @T q) ⊔i (s @T q)
m∨

@
s ⊔i+1 s

IH KSqt
s

@
q ⊔0 q
IH KSqt

q

589

If t = s ⊔i q, for s, q ∈
...
Ti, then by induction and associativity of ⊔i we can build:590

Φ =

(s ⊔i q) ⊔ i(s ⊔i q)
.......................................

s ⊔i s
IH KSqt

s
⊔i

q ⊔i q
IH KSqt

q

591

If t = s ⊓i q, for s, q ∈
...
Ti, then by induction we can build:592
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Φ =

(s ⊓i q) ⊔i (s ⊓i q)
m⊔

⊓ .......................................

s ⊔i s
IH KSqt

s
⊔ i

q ⊔i q
IH KSqt

q

593

If t = ⟨s/x⟩j q, for s ∈
...
Tj and q ∈

...
Ti, then by induction we can build:594

Φ =

⟨s/x⟩j q ⊔i ⟨s/x⟩j q
m⊔

σ

⟨ s ⊔j s
IH KSqt

s

/
x⟩

j

q ⊔i q
IH KSqt

q

595

◀596

▶ Lemma 33. For all A ∈
...
A i, there is a derivation

A ∨i A
Φ SKSqt
A

.597

Proof. We proceed by induction on the structure of A.598

If A ∈ Li then Φ =
A ∨i A

pc↓
A

.599

If A is ⊥i or ⊤i then Φ is an equality (≡).600

If A = B @i t, for B ∈
...
A i+1 and t ∈

...
T0, then by Lemma 32 and induction we can build:601

Φ =

(B @i t) ∨i (B @i t)
m∨

@
B ∨i+1 B

IH KSqt
B

@i

t ⊔0 t
Lem.32 KSqt

t

602

If A = B ∨i C, for B, C ∈
...
A i, then by associativity and induction we can build:603

Φ =

(B ∨i C) ∨i (B ∨i C)
.........................................

B ∨i B
IH KSqt

B
∨i

C ∨i C
IH KSqt

C

604

If A = B ∧i C, for B, C ∈
...
A i then by induction we can build:605

Φ =

(B ∧i C) ∨i (B ∧i C)
m

B ∨i B
IH KSqt

B
∧i

C ∨i C
IH KSqt

C

606

If A = ⟨t/x⟩j B, for t ∈
...
Tj and B ∈

...
A i and i > 0, then by Lemma 32 and induction we607

can build:608

Φ =

⟨t/x⟩j B ∨i ⟨t/x⟩j B
m∨

σ

⟨ t ⊔j t
Lem.32 KSqt

t

/
x⟩

j

B ∨i B
IH KSqt

B

609

The case for i = 0 is similar, with A = ⟨t/x⟩j B and m∨0
σ used in place of m∨

σ .610

If A = (B ⇋i C), for B, C ∈
...
A i, then we build:611
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Φ =

(B ⇋i C) ∨0 (B ⇋i C)
c⇋↓

B ∨i B
IH KSqt

B
⇋i

C ∨i C
IH KSqt

C

612

The case for A = (B ̸⇋i C) is similar, using c̸⇋↓ in place of c⇋↓.613

If A = (s ⊜i t), for s, t ∈
...
Ti, then we build:614

Φ =

(s ⊜i t) ∨0 (s ⊜i t)
c⊜↓

s ⊔i s
Lem.32 KSqt

s
⊜i

t ⊔i t
Lem.32 KSqt

t

615

The case for A = (s ̸⊜i t) is similar, using c̸⊜↓ in place of c⊜↓. ◀616

▶ Corollary 34. ac↓ is derivable in KSqt and ac↑ is derivable in SKSqt.617

C.2 Weakening618

▶ Lemma 35. For all t ∈
...
Ti, there is a derivation

▽i

Φ KSqt
t

.619

Proof. We proceed by induction on the structure of t.620

If t ∈ Ci ∪ Vi ∪ {▲i} then Φ =
▽itw↓
t

. If t = ▽i then Φ = t.621

If t = (s @T q), for s ∈
...
Ti+1 and q ∈

...
T0, then by induction we can build:622

Φ =

▽i
▽▽↓

▽i+1
IH KSqt

s
@T

▽0
IH KSqt

q

623

If t = s ∗i q, for s, q ∈
...
Ti and ∗ ∈ {⊔, ⊓}, then by induction we can build:624

▽i......................................

▽i

IH KSqt
s

∗i

▽i

IH KSqt
q

625

If t = ⟨s/x⟩j q, for s ∈
...
Tj and q ∈

...
Ti, then by induction we can build:626

▽ivσ↓

⟨ ▽j

IH KSqt
s

/
x⟩

j

▽i

IH KSqt
q

627

◀628

▶ Lemma 36. For all A ∈
...
A i, there is a derivation

⊥i

Φ KSqt
A

.629
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Proof. We proceed by induction on the structure of A.630

If A ∈ Li then Φ =
⊥ipw↓
A

.631

If A = ⊥i then Φ is trivial (i.e., Φ = ⊥i). If A = ⊤i then we can build632

Φ =

⊥i...........................................

⊥i..............
⊥i ∧i ⊤i

∨i
⊥i..............

⊤i ∧i ⊥i

m
⊥i ∨i ⊤i..............

⊤i
∨i

⊤i ∨i ⊥i..............
⊤i

...........................................
⊤i

633

If A = B @i t, for B ∈
...
A i+1 and t ∈

...
T0, then by Lemma 35 and induction we can build:634

Φ =

⊥i⊥▽↓
⊥i+1
IH KSqt

B
@i

▽0
Lem.35 KSqt

t

635

If A = B ∗i C, for B, C ∈
...
A i and ∗ ∈ {∨, ∧} then by induction we can build636

Φ =

⊥i......................................

⊥i

IH KSqt
B

∗i

⊥i

IH KSqt
C

637

If A = ⟨t/x⟩j B then by Lemma 35 and induction we can build:638

Φ =

⊥i..................................................

⟨ ▽j

Lem.35 KSqt
t

/
x⟩

j

⊥i

IH KSqt
B

639

If A = (B ⇋i C), for B, C ∈
...
A i, then by Lemma 36 we can build640

Φ =

⊥0w⇋↓
⊥i

Lem.36 KSqt
B

⇋i

⊥i

Lem.36 KSqt
C

641

The case for ̸⇋i is similar, using w ̸⇋↓ in place of w⇋↓.642

If A = (s ⊜i t), for s, t, ∈
...
Ti, then by Lemma 35 we can build643

Φ =

⊥0w⊜↓
▽i

Lem.35 KSqt
s

⊜i

▽i

Lem.35 KSqt
t

644

The case for ̸⊜i is similar, using w ̸⊜↓ in place of w⊜↓. ◀645

▶ Corollary 37. aw↓ is derivable in KSqt and aw↑ is derivable in SKSqt. ◀646
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C.3 Instantiation647

We recall that Ei denotes the subset of Ti consisting only of elementary terms composed by648

no more than a single composition by application, so that t ∈ Ei is either of the form d or649

f @T kc, for d, f, c ∈ C ∪ V.650

▶ Definition 38. Let
...
T @

i denote the subset of
...
Ti consisting only of those elements composed651

by constants, variables and application, so that t ∈
...
T @

i doesn’t contain any occurrences of652

▽i,▲i, ⊔i, ⊓i, or explicit substitution. For t ∈
...
T @

i , we define its substitution decom-653

position into x, denoted by σt
x,i, to be the compound explicit substitution constructed as654

follows:655

If t ∈ Ci ∪ Vi then σt
x,i = ⟨t/x⟩i656

If t = f @T s, for f ∈
...
T @

i+1 and s ∈
...
T @

0 , then σt
x,i = σf

y,i+1 σs
z,0 ⟨y @T z/x⟩i657

▶ Lemma 39. Let t ∈
...
T @

i .658

There exists a derivation
σt

x,i

Φ KSqt
∃ix

659

For any A ∈ F there exists a derivation
τ1 · · · τn A

Ω KSqt
σt

x,i A
where for all j ∈ 1..n, the substitu-660

tion term of τj is elementary.661

Proof. We proceed by induction on the structure of t.662

If t ∈ Ci ∪ Vi then Φ =
⟨c/x⟩iqn↓

∃ix
and for any A ∈ F , Ω = ⟨ci/xi⟩ A.663

If t = s @T q, for s ∈
...
T @

i+1 and q ∈
...
T @

0 then by induction we can build:664

Φ =

σs
y,i+1

IH KSqt
∃i+1y

σq
z,0

IH KSqt
∃0z

⟨y @T z/x⟩i

x↓ ∃ix

665

where y and z are fresh variables. For any formula A, by induction we can build:666

Ω =

τ1 · · · τk τk+1 · · · τn ⟨y @T z/x⟩i A
IH KSqt

σs
y,i+1

τk+1 · · · τn ⟨y @T z/x⟩i A
IH KSqt

σq
z,0 ⟨y @T z/x⟩i A

667

◀668

▶ Lemma 40. For any s ∈ Ei and any t ∈
...
Tj, there is a derivation

[s/x]i t
Φ KSqt

⟨s/x⟩i t
.669

Proof. We proceed by induction on the structure of t.670

If t = x then Φ =
s

σ↓
⟨s/x⟩i t

.671
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If t ∈ Cj ∪ Vj ∪ {▽j ,▲j} and t ̸= x then Φ =
t

............
⟨s/x⟩i t

.672

If t = r @T q, for r ∈
...
Tj+1 and q ∈

...
T0, then by induction we can build:673

Φ =

[s/x] r
IH KSqt

⟨s/x⟩i r
@T

[s/x]i q
IH KSqt

⟨s/x⟩i q

σ@T ↓ ⟨s/x⟩i(s @T q)

674

If t = r ⊔j q, for r, q ∈
...
Tj , then by induction we can build:675

Φ =

[s/x]i r
IH KSqt

⟨s/x⟩i r
⊔j

[s/x]i q
IH KSqt

⟨s/x⟩i q

m⊔
σ ⟨ s ⊔i s

Lem.32 KSqt
s

/
x⟩

i

(r ⊔i q)

676

If t = r ⊓j q, for r, q ∈
...
Tj , then by induction we can build:677

Φ =

[s/x]i r
IH KSqt

⟨s/x⟩i r
⊓j

[s/x]i q
IH KSqt

⟨s/x⟩i q

σ⊓↓ ⟨s/x⟩i(r ⊓j q)

678

If t = ⟨r/y⟩k q, for r ∈
...
Tk, q ∈

...
Tj , and xi ̸= yk, then by induction we can build:679

Φ = ⟨ [s/x]i r
IH KSqt

⟨s/x⟩i r

/
y⟩

k

[s/x]i q
IH KSqt

⟨s/x⟩i q

σσ↓ ⟨s/x⟩i ⟨r/y⟩k q

680

◀681

▶ Lemma 41. For any s ∈ Ei and any A ∈
...
A j, there is a derivation

[s/x]i A
Φ KSqt

⟨s/x⟩i A
.682

Proof. We proceed by induction on the structure of A.683

If A ∈ Li ∪ {⊥i, ⊤i} then Φ =
A

.............
⟨s/x⟩i A

.684

If A = B @i t, for B ∈ FP
i+1 and t ∈

...
T0, then by induction and Lemma 40, we can build:685

Φ =

[s/x]i B
IH KSqt

⟨s/x⟩i B
@i

[s/x]i t
IH KSqt

⟨s/x⟩i t

σ@↓ ⟨s/x⟩i(B @i t)

686

If A = B ∨i C, for B, C ∈
...
A i, then by induction we can build:687
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Φ =

[s/x]i B
IH KSqt

⟨s/x⟩i B
∨i

[s/x]i C
IH KSqt

⟨s/x⟩i C

m∨
σ ⟨ di ⊔i ditc↓

s

/
x⟩

i

(B ∨i C)

688

If A = B ∧i C, for B, C ∈
...
Ai, then by induction we can build:689

Φ =

[s/x]i B
IH KSqt

⟨s/x⟩i B
∧i

[s/x]i C
IH KSqt

⟨s/x⟩i C

σ∧↓ ⟨s/x⟩i(B ∧i C)

690

If A = ⟨q/y⟩k B, for q ∈
...
Tk, B ∈

...
A i, and xi ̸= yk, then by induction we can build:691

Φ = ⟨ [s/x]i q
IH KSqt

⟨s/x⟩i q

/
y⟩

k

[s/x]i B
IH KSqt

⟨s/x⟩i B

σσ↓ ⟨s/x⟩i ⟨q/y⟩k B

692

If A = (B ⇋i C), for B, C ∈
...
A i, then by induction we can build:693

Φ =

[s/x]i B
IH KSqt

⟨s/x⟩i B
⇋i

[s/x]i C
IH KSqt

⟨s/x⟩i C

2×σ@↓ ⟨s/x⟩i(B ⇋i C)

694

where 2×σ@↓ denotes two instances of the rule σ@↓ because we read B ⇋i C as695

(⇋i @1B) @0 C. The case for A = (B ̸⇋i C) is similar.696

If A = (q ⊜i t), for q, t ∈
...
Ti, then by Lemma 40 we can build:697

Φ =

[s/x]i q
Lem.40 KSqt

⟨s/x⟩i q
⊜i

[s/x]i t
Lem.40 KSqt

⟨s/x⟩i t

2×σ@↓ ⟨s/x⟩i(q ⊜i t)

698

The case for A = (s ̸⊜i t) is similar. ◀699

▶ Lemma 42. For any t ∈ Ei and any A ∈ F , there is a derivation
[s/x]i A

Φ KSqt
⟨s/x⟩i A

.700

Proof. We proceed by induction on the structure of A.701

If A ∈
...
A0 then the result follows from Lemma 41.702

If A = B ∨ C or A = B ∧ C then we proceed by induction as in the cases for ∨i or ∧i in703

Lemma 41.704

If A = Qjy. B, for Q ∈ {∃, ∀} and B ∈ F , then by induction we can build:705

Φ =
Qjy.

[s/x]i B
IH KSqt

⟨s/x⟩i B

σQ↓ ⟨s/x⟩i Qjy. B

706
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If A = ⟨t/y⟩j B, for t ∈
...
Tj and B ∈ F , then by induction and Lemma 40 we can build:707

Φ = ⟨ [s/x]i t
Lem.40 KSqt

⟨s/x⟩i t

/
y⟩

j

[s/x]i B
IH KSqt

⟨s/x⟩i B

σσ↓ ⟨s/x⟩i ⟨t/y⟩j B

708

◀709

▶ Corollary 43. n↓ is derivable in KSqt and n↑ is derivable in SKSqt. ◀710

C.4 Vacuous Quantification711

▶ Definition 44. In the following, S(W, x) stands for KSqt if x does not appear free in W712

and SKSqt otherwise.713

▶ Lemma 45. For any t ∈
...
Tj there is a derivation

⟨▲i/x⟩i t
Φ S(t,x)

[▲i/x]i t
.714

Proof. We proceed by induction on the structure of t.715

If t = xi then Φ =
⟨▲i/x⟩i

xitw↑
▲i

▲v↓
▲i

716

If t ∈ Cj ∪ Vj ∪ {▽j ,▲j}, then Φ =
⟨▲i/x⟩i t

▲v↓
t

.717

If t = s ∗j q, for ∗ ∈ {@, ⊔, ⊓} and s ∈
...
Tk and q ∈

...
Tk, where k, l can be determined from718

j and ∗, then719

Φ =

⟨▲i/x⟩i(s ∗j q)
▲∗↓

⟨▲i/x⟩i s
IH S(s,x)

[▲i/x]i s
∗j

⟨▲i/x⟩i q
IH S(q,x)

[▲i/x]i q

720

If t = ⟨s/y⟩j q, for s ∈
...
Tj and q ∈

...
Ti, then721

Φ =

⟨▲i/x⟩i ⟨s/y⟩j q
▲σ↓

⟨⟨▲i/x⟩i s
IH S(s,x)

[▲i/x]i s

/
y⟩

j

⟨▲i/x⟩i q
IH S(q,x)

[▲i/x]i q

722

◀723

▶ Lemma 46. For any A ∈
...
A j there is a derivation

⟨▲i/x⟩i A
Φ S(A,x)

[▲i/x]i A
.724

Proof. We proceed by induction on the structure of A.725
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If A ∈ Li ∪ {⊥i, ⊤i} then Φ =
⟨▲i/x⟩i A

▲v↓
A

.726

If A = B @j t, for B ∈
...
A j+1 and t ∈

...
T0, by induction and Lemma 45 we can build:727

Φ =

⟨▲i/x⟩i(B @j t)
▲@↓

⟨▲i/x⟩i B
IH S(B,x)

[▲i/x]i B
@j

⟨▲i/x⟩i t
Lem.45 S(t,x)

[▲i/x]i t

728

If A = B ∗j C, for ∗ ∈ {∨, ∧} and B, C ∈
...
A j , by induction we can build:729

Φ =

⟨▲i/x⟩i(B ∗j C)
▲∗↓

⟨▲i/x⟩i B
IH S(B,x)

[▲i/x]i B
∗j

⟨▲i/x⟩i C
IH S(C,x)

[▲i/x]i C

730

If A = ⟨s/y⟩k B, for s ∈
...
Tk and B ∈

...
Aj, by induction and Lemma 45 we can build:731

Φ =

⟨▲i/x⟩i ⟨s/y⟩k B
▲σ↓

⟨ ⟨▲i/x⟩i s
Lem.45 S(s,x)

[▲i/x]i s

/
y⟩

k

⟨▲i/x⟩i B
IH S(B,x)

[▲i/x]i B

732

If A = (B ⇋i C), for B, C ∈
...
A i, then we can build733

Φ =

⟨▲i/x⟩i(B ⇋i C)
2×▲@↓

⟨▲i/x⟩i B
Lem.46 KSqt

[▲i/x]i B
⇋i

⟨▲i/x⟩i C
Lem.46 KSqt

[▲i/x]i C

734

The cases for B ̸⇋i C, s ⊜i t, and s ̸⊜i t are similar, with the latter two following from735

Lemma 45. ◀736

▶ Lemma 47. For all A ∈ F there is a derivation
∃ix. A

Φ S(A,x)

[▲i/x]i A
.737

Proof. We proceed by induction on the structure of A.738

If A ∈
...
A0 then we can build:739

Φ =

∃ixqv↓ ⟨▲i/xi⟩
A

Lem.46 S(A,x)
[▲i/x]i A

740

If A = B ∨ C, for B, C ∈ F , then we can build:741

Φ =

∃ix. (B ∨ C)
m∃

∨
∃ix. B
IH S(B,x)

[▲i/x]i B
∨

∃ix. C
IH S(C,x)

[▲i/x]i C

742

If A = B ∧ C, for B, C ∈ F , then we can build:743
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Φ =

∃ix. (B ∧ C)
m∃

∧
∃ix. B
IH S(B,x)

[▲i/x]i B
∧

∃ix. C
IH S(C,x)

[▲i/x]i C

744

If A = ∃jy. B, for B ∈ F , then we can build:745

Φ =

∃ix. ∃jy. B
.............................

∃jy
∃ix. B
IH S(B,x)

[▲i/x]i B

746

If A = ∀jy. B, for B ∈ F , then we can build:747

Φ =

∃ix. ∀jy. B
m∃

∀

∀jy
∃ix. B
IH S(B,x)

[▲i/x]i B

748

If A = ⟨t/y⟩j B, for t ∈
...
Tj and B ∈ F , then we can build:749

Φ =

∃ix. ⟨t/y⟩j B
σ∃↓

⟨ t
Ξ tw↑

[▲i/x]i t

/
y⟩

j

∃ix. B
IH S(B,x)

[▲i/x]i B

750

where Ξ is the derivation that coweakens on any occurrences of x appearing in t. If x does751

not appear free in t then Ξ = t and there are no instances of tw↑, so Φ is a derivation in752

S(B, x).753

◀754

▶ Corollary 48. v↓ is derivable in KSqt and v↑ is derivable in SKSqt.755

C.5 Identity756

▶ Lemma 49. For all t ∈
...
Ti, there is a derivation

⊤0
Φ KSqt
t ⊜i t

.757

Proof. We proceed by induction on the structure of t.758

If t ∈ Ci ∪ Vi then Φ =
⊤0tr↓

t ⊜i t
.759

If t ∈ {▽i,▲i} then Φ =
⊤0ur↓

▽i ⊜i ▲i

.760

If t = s @T q, for s ∈
...
Ti+1 and q ∈

...
T0, then by induction we can build:761

Φ =

⊤0
IH

s ⊜i+1 s
∧0

⊤0
IH KSqt

q ⊜0 q

ti@↓ (s @T q) ⊜i (s @T q)

762
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If t = s ⊔i q, for s, q ∈
...
Ti, then by induction we can build:763

Φ =

⊤0
IH
s ⊜i s

∧0

⊤0
IH KSqt
q ⊜i q

ti⊔↓ (s ⊔i q) ⊜i (s ⊓i q)

764

The case for t = s ⊓i q is similar.765

If t = ⟨s/x⟩j q, for s ∈
...
Tj and q ∈

...
Ti, then by induction we can build:766

Φ =

⊤0
IH
s ⊜j s

∧0

⊤0
IH KSqt
q ⊜i q

tiσ↓ ⟨s/x⟩j q ⊜i ⟨s/x⟩j q

767

◀768

▶ Lemma 50. For all A ∈
...
A i, if i > 0 there exists a derivation

⊤0
Φ KSqt

A ⇋i A
and if i = 0769

there exists a derivation
⊤0

Φ KSqt
A ∨0 A

770

Proof. We proceed by induction on the structure of A.771

If A ∈ Li ∪ {⊥i, ⊤i} then Φ =
⊤0pr↓

A ⇋i A
.772

If A = B @i t, for B ∈
...
A i+1 and t ∈

...
T0, then by induction and Lemma 49 we can build:773

Φ =

⊤0
IH KSqt

B ⇋i+1 B
∧0

⊤0
Lem.49 KSqt

t ⊜0 t

pi@↓
(B @i t) ⇋i (B @i t)

774

If A = B ∨i C, for B, C ∈
...
A i, then by induction we can build:775

Φ =

⊤0
IH KSqt

B ⇋i B
∧0

⊤0
IH KSqt

C ⇋i C

pi∨↓
(B ∨i C) ⇋i (B ∧i C)

776

The case for A = B ∧i C is similar.777

If A = ⟨t/x⟩j B, for t ∈
...
Tj and B ∈

...
A i, then by induction and Lemma 49 we can build:778

Φ =

⊤0
IH KSqt

B ⇋i+1 B
∧0

⊤0
Lem.49 KSqt

t ⊜0 t

piσ↓
⟨t/x⟩j B ⇋i ⟨t

/
x⟩

j
B

779
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Whenever we have
⊤0

Φ KSqt
A ⇋0 A

, we can append i⇋∨ ↓ to obtain

⊤0
Φ KSqt

A ⇋0 A
i⇋∨ ↓

A ∨0 A

780

If A = (B ⇋i C), for B, C ∈ FP
i , then by induction we can build:781

Φ =

⊤0
Lem.50 KSqt

B ⇋j B
∧0

⊤0
Lem.50 KSqt

C ⇋i C⊥

i⇋↓
(B ⇋i C) ⇋0 (B⊥ ̸⇋i C⊥)

782

The cases for A = (B ̸⇋i C), A = (s ⊜i t), and A = (s ̸⊜i t) are similar, with the latter783

two following from Lemma 49. ◀784

▶ Corollary 51. ai↓ is derivable in KSqt and ai↑ is derivable in SKSqt. ◀785

C.6 Final Assembly for Completeness786

Proof of Theorem 27. Every rule in SKSq \ SKSqt is shown derivable in SKSqt by Corollar-787

ies 34, 37, 43, 48, and 51. ◀788

D Proof of Conservativity789

▶ Definition 52. We define the following proof systems:790

S1 consists of all inference rules in SKSqlx ∪ {ai′↓, ai′↑}, where ai′↓ and ai′↑ are obtained791

by extending ai↓ and ai↑ to the atoms of SKSqt.792

S2 is obtained from S1 by deleting all of the inference rules and equalities relating to ⊔i,793

⊓i for i ≥ 0 and ∨j , ∧j for j > 0 and replacing them by ac′↓ and ac′↑, which are obtained794

by extending ac↓ and ac↑ to the atoms of SKSqt. More in detail, from the inference rules795

and equational theory given in Figure 2 we retain only ⊥▽↓, ▽▽↓, pw↓, tw↓ and their796

duals. From the inference rules given in Figure 3 we delete σ⊓↓, σ∧↓ except for ∧0, ▲∗↓797

for ∗ ∈ {⊔i, ⊓i, ∨j , ∧j | i ≥ 0, j > 0}.798

S3 is obtained from S2 by deleting all of the inference rules and equalities relating to ▽i,799

▲i for i ≥ 0, ⊥j, ⊤j for j > 0 and replacing them by aw′↓, aw′↑, av′↓ and av′↑, which800

are obtained by extending aw↓, aw↑, av↓ and av↑ to the atoms of SKSqt. More in detail,801

we delete ⊥▽↓, ▽▽↓, pw↓, tw↓ and their duals from Figure 2, and we delete qv↓, ▲v↓,802

all remaining cases of ▲∗↓, ▲σ↓, and ▲Q↓ and their duals from Figure 3.803

▶ Lemma 53. If A, B are SKSq-formulae and there is a derivation
A

Φ SKSqt
B

then there804

is a derivation
A

Ξ1 S1

B
. Moreover, Ξ1 does not contain any occurrences of the connectives805

⊜i, ̸⊜i, ⇋i, or ̸⇋i for i ≥ 0.806

Proof. To prove this lemma we work in the extended proof system S+
1 consisting of all807

inference rules in SKSqt ∪ S1 together with all the inference rules in Figure 5 and their duals.808
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⊤0gtr↓
t ⊜i t

⊤0gpr↓
A ⇋i A

⊥0gw⊜↓
s ⊜i t

⊥0gw⇋↓
A ⇋i B

⊥0gw ̸⊜↓
s ̸⊜i t

⊥0gw ̸⇋↓
A ̸⇋i B

s ⊜i t
(i⊜↓)

(w ⊜i s) ∨0 (w ̸⊜i t)
(q ⊜i w) ∧0 (r ⊜i w)

(i⊜↓)
q ⊜i r

A ⇋i B
(i⇋↓)

(X ⇋i A) ∨0 (X ̸⇋i D)
(A ⇋i X) ∧0 (B ⇋i X

(i⇋↓)
A ⇋i B

s ⊜i t
(tiσ↓)

⟨q/x⟩j s ⊜i ⟨q/x⟩j t

s ⊜i t
(tiσ↓)

⟨s/xi⟩ q ⊜j ⟨t/xi⟩ q

s ⊜0 t
(ti@↓)

(q @T s) ⊜i (q @T t)
s ⊜i+1 t

ti@↓
(s @T q) ⊜i (t @T q)

s ⊜i t
(ti⊔↓)

(s ⊔i q) ⊜i (t ⊓i q)
s ⊜0 t

(pi@↓)
(A @i s) ⇋i (A @i t)

A ⇋i+1 B
(pi@↓)

(A @i s) ⇋i (B @i s)
s ⊜i t

(piσ↓)
⟨s/xi⟩ A ⇋j ⟨t/xi⟩ A

A ⇋i B
(pi∨↓)

(A ∨i X) ⇋i (B ∧i X)
A ⇋i B

(piσ↓)
⟨s/x⟩j A ⇋i ⟨s/x⟩j B

Figure 5 The inference rules for the extended system S+
1 , used in the proof of Lemma 53. These

inference rules are obtained by generalising inference rules in Figure 3 and they are either named as
a general version of that rule or annotated on the right by the inference rule from which they are
obtained.

These rules are all derivable in SKSqt and they will allow us to transform the derivation Φ809

into Ξ1 in which identity is not local.810

We do this by means of a rewriting relation that pushes the reflexivity rules
⊤0tr↓

c ⊜i c
811

and
⊤0pr↓

P ⇋i P
through the proof until they meet the root

A ⇋0 B
i⇋∨ ↓

A ∨0 B
of the812

identity. We show some of the rewriting rules in Figure 6.813

We can see the shape of this rewriting system by tracing occurrences of the connectives814

⊜i, ̸⊜i, ⇋i, or ̸⇋i through Φ, bifurcating the trace at rules such as ti@↓ and piσ↓ and815

terminating at reflexivity rules or weakening rules such as w⇋↓. We know that A and B816

are SKSq-formulae, and therefore contain no occurrences of these connectives, so all of these817

traces terminate inside the proof in reflexivity or weakening rules.818

In S+
1 we can permute the general reflexivity and weakening rules through any other rules819

without creating more work to do, so this rewriting procedure will terminate, and in the820

normalised form the reflexivity rules will have accumulated into instances of ai′↓ and ai′↑.821

◀822

▶ Lemma 54. If A, B are SKSq-formulae and there is a derivation
A

Ξ1 S1

B
then there is823

a derivation
A

Ξ2 S2

B
. Moreover, Ξ2 does not contain any occurrences of the connectives ⊔i,824

⊓i, ∨j, or ∧j, for i ≥ 0 and j > 0.825

Proof. To prove this lemma we work in the extended proof system S+
2 consisting of S1 ∪ S2826

together with all inference rules shown in Figure 7 and their duals. These additional inference827
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gtr↓ / ti@↓ (l) :

⊤0gtr↓
w

q
⊜i+1

w

r

∧0 (s ⊜0 t)

ti@↓
(q @T s) ⊜i (r @T t)

→

s ⊜0 t w

q
@T s

 ⊜i

 w

r
@T t



gw⊜↓ / ti@↓ (r) :
(s ⊜i+1 t) ∧0

⊥0gw⊜↓
w

q
⊜i

v

r

ti@↓
(s @T q) ⊜i (t @T r)

→

s ⊜i+1 t
gw⊜↑

⊤0
∧0 ⊥0

.......................................
⊥0gw⊜↓

(s @T q) ⊜i (t @T r)

gw⊜↑ / ti@↓ :
(s ⊜i+1 t) ∧0 (q ⊜0 r)

ti@↓
(s @T q) ⊜i (t @T r)

gw⊜↑
⊤0

→
s ⊜i+1 t

gw⊜↑
⊤0

∧0
q ⊜0 r

gw⊜↑
⊤0

gtr↓ / piσ↓ :

⊤0gtr↓
w

q
⊜i

w

r

⟨q/xi⟩ A ⇋j ⟨r/xi⟩ A

→

⊤0gtr↓

⟨w

q

/
xi⟩A ⇋j ⟨w

r

/
xi⟩A

gw⊜↓ / c⊜↓ :
⊥0gw⊜↓

q ⊜i r
∨0 (s ⊜i t)

c⊜↓
(q ⊔i s) ⊜i (r ⊔i t)

→

s
...............

▽i

q
⊔i s

⊜i

t
...............

▽i

r
⊔i t

gtr↓ / i⊜↓ :

⊤0gtr↓
w

q
⊜i

w

r

∧0 (s ⊜i t)

i⊜↓
(q ⊜i s) ∨0 (r ̸⊜i t)

→

s ⊜i t w

q
⊜i s

 ∨0

 w

r
̸⊜i t



gtr↓ / (i⊜↓) :

⊤0gtr↓
w

Θ
s

⊜i

w
Ω

t

∧0 (q ⊜i t)

s ⊜i q

→ q ⊜i

t
Ω
w

Θ
s

gtr↓ / pi@↓ :
(A ⇋i+1 B) ∧0

⊤0gtr↓
w

s
⊜0

w

t

pi@↓
(A @i s) ⇋i (B @i t)

→

A ⇋i+1 BA @i

w

s

⇋i

B @i

w

t



gpr↓ / i⇋∨ ↓ :
⊤0gpr↓

A ⇋0 A
i⇋∨ ↓

A ∨0 A

→
⊤0ac′↓

A ∨0 A

Figure 6 Some of the rewriting steps that we use in the proof of Lemma 53.
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t ⊔i t
gtc↓

t

A ∨i A
gpc↓

A

⊤i⊤@↓
⊤i+1 @i s

⟨q/x⟩i s ⊔j ⟨q/x⟩i t
m⊔

σ l
⟨q/x⟩i(s ⊔j t)

⟨s/xi⟩ q ⊔j ⟨t/x⟩i q
m⊔

σ r
⟨s ⊔i t/x⟩i q

⟨q/xi⟩ A ∨j ⟨q/x⟩i B
m∨

σ l
⟨q/x⟩i(A ∨j B)

⟨s/x⟩i A ∨j ⟨q/x⟩i A
m∨

σ r
⟨s ⊔i q/x⟩i

(q @T s) ⊔i (q @T t
m⊔

@l
q @T (s ⊔0 t)

(s @T q) ⊔i (t @T q)
m⊔

@r
(s ⊔i t) @T q

(A @i s) ∨i (A @i q)
m∨

@l
A @i (s ⊔0 q)

(A @i q) ∨i (B @i q)
m∨

@r
(A ∨i B) @i q

(s ⊓i q) ⊔i (t ⊓i q)
m⊔

⊓c
(s ⊔i t) ⊓i q

(A ∧i B) ∨i (A ∧i C)
mc

A ∧i (B ∨i C)

Figure 7 The inference rules for the extended system S+
2 , used in the proof of Lemma 54

rules are all derivable in S1 and they will allow us to transform the derivation Ξ1 into Ξ2 in828

which contraction is not local.829

We begin by noting that830

(A @i s) ∨i ⊤i

(A ∨i+1 ⊤i+1) @i s
is derivable S+

2 by means of the derivation831

(A @i s) ∨i

⊤i⊤@↓
⊤i+1 @i s

m∨
@r

(A ∨i ⊤i) @i s

832

so we can eliminate any instances of that rule.833

We then proceed in a similar fashion as Lemma 53, permuting instances of generalised834

term and predicate (co)contraction through the derivation until they accumulate into atomic835

(co) contractions and permuting equality rules until they annihilate. We give a sample of836

the rewriting rules in Figure 8. These rewriting steps do not increase the arity of what is837

being contracted, so it will terminate, resulting in an S2 derivation without any occurrences838

of those connectives.839

◀840

▶ Lemma 55. If A, B are SKSq-formulae and there is a derivation
A

Ξ2 S2

B
then there is841

a derivation
A

Ξ3 S3

B
. Moreover, Ξ3 does not contain any occurrences of the units ▽i, ▲i,842

⊥j, or ⊤j, for i ≥ 0 and j > 0.843

Proof. To prove this lemma we extend S3 by the inference rules in Figure 9 and their duals to844

obtain the proof system S+
3 . These inference rules are all derivable in S2 and they will allow845

us to transform the derivation Ξ2 into Ξ3 in which weakening and vacuous quantification are846

not local.847

We will consider the procedure for recovering aw↓ and av↑ because these both concern848

the unit ▽i and so this illustrates the rewriting system more clearly than considering the849

down rules together. Some of the rewriting rules are given in Figure 10.850

We deal with vacuous quantification by first transforming prefixed derivations into851

standard derivations by de-parallelising them. Then we permute the application of explicit852
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gtc↓ / m∨
@ :

(A @i s) ∨i (B @i t)
m∨

@

(A ∨i B) @T


s

q
⊔0

t

q

gtc↓
q


→

A @i

s

q

 ∨i

B @i

t

q


m∨

@r
(A ∨i B) @i q

≡ / m⊔
@ :

s @T q
..................................

(s @T q) ⊔i

▽i

t @T r

m⊔
@ (s ⊔i+1 t) @ (q ⊔0 r)

→


s

.......................

s ⊔i+1

▽i+1

t

@T


q

................

q ⊔0

▽0

r



gtc↓ / ai′↓ :

⊤0ai′↓

K


s

Θ
q

⊔i

t
Ω

q

gtc↓
q


∨0 K

{
s ⊓i t

} →

⊤0ai′↓

K{q} ∨0 K



q
gtc↑

q
Θ

s
⊓i

q
Ω

t



gtc↓ / m⊔
σ l :

⟨w/xi⟩ s ⊔j ⟨w/xi⟩ t
m⊔

σ l

⟨w/xi⟩


s

q
⊔j

t

q

gtc↓
q


→

⟨w/xi⟩
s

q

 ⊔j

⟨w/xi⟩
t

q


gtc↓

⟨w/xi⟩ q

gpc↓ / m :

(A ∧i B) ∨i (C ∧i D)
m 

A

X
∨i

C

X

gpc↓
X

 ∧i (B ∨i D)
→

 A

X
∧i B

 ∨i

 C

X
∧i D


mc

X ∧i (B ∨i D)

gpc↓ / ≡ :

A
.....................

A

B
∨i

⊥i

B

gpc↓
B

→
A

B

gpc↓ / m∨
@r :

(A @i q) ∨i (B @i q)
m∨

@r 
A

C
∨i+1

B

C

gpc↓
C

@i q
→

 A

C
@i q

 ∨i

 B

C
@i q


gpc↓

C @i q

Figure 8 Some of the rewriting steps that we use in the proof of Lemma 54.
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▽itwl↓
s @T ▽0

▽itwr↓
▽i+1 @T t

⊥ipwl↓
A @ ▽0

⊥ipwr↓
⊥i+1 @i t

▽igtw↓
t

⊥igpw↓
A

⟨▽i/x⟩i A ∗ [▽i/x]i B
▽∗↑r

⟨▽i/x⟩i(A ∗ B)
[▽i/x]i A ∗ ⟨▽i/xi⟩ B

▽∗↑l
⟨▽i/x⟩i(A ∗ B)

[▽i/x]i A

⟨▽i/x⟩i A

⟨▽i/x⟩i A

∀ixA

[▽i/x]i A

∀ixA

⟨[▽i/x]i t/y⟩j
⟨▽i/x⟩i A

▽∗↑l
⟨▽i/x⟩i ⟨t/y⟩j A

⟨⟨▽i/x⟩i t/y⟩j
[▽i/x]i A

▽σ↑r
⟨▽i/x⟩i ⟨t/y⟩j A

Figure 9 The generalised inference rules for eliminating ▽i. Note that because v↑ and w↓ both
concern ▽i, the rules here for explicit substitutions are from the up-fragment, the generalised
inference rules for eliminating v↓ and w↑ being dual.

▽i
▽▽↓

▽i+1gtw↓
s

@T t
→

▽igtw↓
s @T t

⊥i⊥▽↓
⊥i+1gpw↓

A
@T t

→
⊥igpw↓

A @i t

 ⟨▽i/xi⟩qv↑
∀ix


 A

B

 →

⟨▽i/x⟩i A

∀ix

 A

B


[▽i/x]i A

⟨▽i/x⟩i A
@i ⟨▽i/x⟩i t

▽@↑
⟨▽i/x⟩i(A @i t)

→
[▽i/x]i A @i ⟨▽i/xi⟩ t

▽@↑l
⟨▽i/x⟩i(A @i t)

[▽i/x]i B @j ⟨▽i/x⟩i t

⟨▽i/x⟩i(B @j t)
∀ix(B @j t)

→
[▽i/x]i B @j ⟨▽i/x⟩i t

∀ix(B @j t)

Figure 10 Some of the rewriting steps used in the proof of Lemma 55.

substitutions towards instances of
⟨▽i/xi⟩qv↑

∀ix
, transforming these into

[▽i/x]i A

∀ixA
. We853

can also permute the term and predicate weakening rules through the proof so that they854

accumulate into atomic weakening rules. Because we know that these units do not appear in855

A or B, we know that they must terminate inside Ξ2 at a weakening, vacuous application, or856

vacuous quantification, so we can permute these inference rules until no occurrences of these857

units remain. ◀858

▶ Lemma 56. If A, B are SKSq-formulae and there is a derivation
A

Ξ3 S3

B
then there is859
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[s/x]i A
.............
⟨s/x⟩i A

⟨t/x⟩i A

∃ixA

∃i+1y [y @T t/x]i A

∃ixA

∃0z [s @T z/x]i
∃ixA

Figure 11 The additional inference rules used in the proof of Lemma 56.


∀ixqn↑

⟨t/xi⟩qn↓
∃ix

A →
∀ixA

⟨t/xi⟩ A

∃ixA

→
∀ixA

n↑
[t/xi] A

n↓
∃ixA

∃0z [f @T z/xi] A

∃i+1y∃0z [yi+1 @T z0/xi] A
x↓

∃ixA

→
∃0z [f @T z/xi] A

∃ixA

Figure 12 Some of the rewriting steps that we use in the proof of Lemma 56

a derivation
A

Ξ4 SKSq
B

. Moreover, Ξ4 does not contain any instances of composition by860

explicit substitution, prefix derivations, or variables xi for i > 0.861

Proof. To prove this lemma we extend SKSq by the inference rules in Figure 11 and their862

duals to obtain the proof system S+
4 . These inference rules are all derivable in S3 and they863

will allow us to transform the derivation Ξ3 into Ξ4 in which instantiation is not local.864

We note that for all terms t appearing in Ξ3, t = t, so we can apply explicit substitutions865

freely without concern for duality in the substituted term. It only remains to de-parallelise866

any prefix derivations and permute the application of explicit substitutions towards the867

instantiation rules that created them.868

Because A and B are SKSq-formulae, they cannot contain any variables xi for i > 0, so869

this rewriting procedure eliminates any such variables from the derivation.870

One inference rule from S+
4 is immune to this rewriting procedure:

∃0z [f @T z/x0] A

∃0xA
.871

This rule doesn’t contain any higher arity variables and so doesn’t get eliminated in the872

case where z0 is never instantiated. This rule is derivable in SKSq, so we replace it by its873

derivation:874

∃0z [f @T z/x0] A ∧

⊤
ai↓,s,qs↓

∃0xA ∨

∀0xA
av↑,m

∀0z

 ∀0xA
n↑

[f @T z/x]0 A


s

∃0z [f @T z/x]0 A ∧ ∀0z [f @T z/x]0 A
ai↑,s,qs↑

⊥
∨ ∃0xA

875
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The result is a derivation in SKSq. ◀876

E Variable Naming Conventions and Freshness877

In the inference systems depicted in Figures 2–4, there are several instances of side condition878

requiring a certain binding occurrence of a variable to be a “fresh” variable. Naïvely, this can879

be seen as a global check on the entire derivation, similar to the non-local vacuousness check880

in av↓ and av↑ in SKSq (Figure 1). In this paper, we avoid this global check by insisting881

that derivations adhere to the following variable naming convention: every introduction882

of a binder ∃ix, ∀ix, and ⟨t/x⟩i in an inference rule (read in either direction) must bind a883

globally unique identifier x, i.e., x is not bound by a binder introduced in any other rule884

in the derivation. We additionally require that the binders in the premise and conclusion885

of a derivation bind pairwise distinct variables. These naming conventions can be seen in886

the same spirit as the requirement that the applications of compound terms and atoms are887

arity-correct.888

We summarise here how these naming conventions can be implemented with essentially889

constant cost operations. The core idea is, unsurprisingly, to use a syntax using De Bruijn890

indices, so that bound variables are no longer named and α-conversion has zero cost. However,891

there are a few complications. First, consider a rule such as the following:892

∃jy. ∃ix. A
..................
∃ix. ∃jy. A

893

Because the order of variables changes, the body A needs to adjusted to swap the indices894

for x and y. One way to do this locally is to introduce a new permuting substitution term895

constructor π(x, y), which has the same status as an explicit subsitution—i.e., it is part of896

the quantifier prefix—but it binds no variables; instead, it merely symmetrically permutes897

(the indices of) x and y. The rule can then be written as follows:898

∃jx. ∃iy. π(x, y). A
...............................

∃ix. ∃jy. A
899

This permutation has the obvious analogue of the explicit substitution rules shown in Figure 3,900

which incrementally moves it to the leaves of A along with other elementary substitutions.901

A more interesting issue arises for a rule such as x↓ which increases the length of the902

quantifier prefix.903

∃i+1y. ∃0z. ⟨y @T z/x⟩ix↓ ∃ix
904

To implement this rule locally, we need to add an additional formal variable renumbering905

substitution, ⇑n
k , which leaves indices 0, . . . , k − 1 alone, and raises the indices k, k + 1, . . .906

to k + n, k + n + 1, . . . . This substitution also has the obvious distributivity rules similar to907

that of explicit substitutions in Figure 3. The local form of the x↓ rule then becomes:908

∃i+1y. ∃0z. ⟨y @T z/x⟩i . ⇑2
0x↓ ∃ix

909

These implementation details of the variable convention are important for a fully detailed910

view of locality, but detract from the core contribution of this paper, so we keep the911

presentation here in its simpler named form.912
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